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PEEFACE. 



Although G-eometry be in itself abstract, it must be ad- 
mitted that the difficulties felt by those who commence 
its study, most frequently arise from the manner in which 
it is taught in ordinary elementary works. They gene- 
rally begin with a great number of definitions, postulates, 
axioms, and preliminary principles, which seem to promise 
nothing but dryness to the reader. As the propositions 
which follow do not fix the mind upon the most interesting 
objects, and as they are besides difficult to understand, it 
commonly happens that beginners become wearied and 
discouraged before they get any distinct idea of what it 
is desired to teach them. 

It is true that to avoid the dryness naturally belonging 
to the study of Geometry, some authors have stated after 
every important proposition the practical use to which it 
can be applied, but while they thus prove the utility of 
Geometry they do not facilitate its study ; for as every 
proposition comes before its application the mind does not 
return to concrete objects till after it has undergone the 
fatigue of conceiving abstract ideas. 

Beflections that I have made upon the origin of 
Geometry have led me to hope that these drawbacks might 
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be avoided by uniting the two advantages of interesting 
and enlightening beginners, 

I have thought that this science, like all others, must 
have become formed by degrees ; that probably some 
want led to the necessity for taking the first steps, and 
that these first steps could not have been beyond the 
range of beginners, since it was by beginners that they 
were taken. 

With this idea before me I have resolved to go back to 
that which may have given birth to Geometry, and I have 
endeavoured to develop its principles by a method such 
as may naturally be supposed to be that of its first in- 
ventors, taking care, however, to avoid the false attempt^ 
which they necessarily had to make. 

The measurement of land has appeared to me that 
which most probably gave rise to the first propositions of 
Geometry, and this was really the origin of the science, since 
Geometry means measurement of the earth. Some authors 
pretend that the Egyptians, continually seeing the bound- 
aries of their properties destroyed by the overflow of the 
Nile, laid the foundations of Geometry, so that they might 
have means of exactly ascertaining the situation, extent, 
and form of their domains. 

But without regard to these authors there can be little 
doubt that from the earliest times men have sought means 
of measuring and dividing their lands. Wishing afterwards 
to improve these methods, particular researches gradually 
led them to general researches, and in their final determina- 
tion to know the exact relations of all kinds o{ magnitudes 
they formed a science of a scope far more extended than 
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they had at first intended, for which they retained the name 
that had been originally given to it. 

In order to follow in this work a track similar to that 
of the inventors, I intend at the outset to give beginners 
means of discovering the principles on which simple 
measurement of lands and of accessible and inaccessible 
distances, &c., may be made to depend. 

Thence I will proceed to other researches of a nature so 
analogous to the first, that the curiosity natural to all men 
must lead them so feur ; and by afterwards gratifying that curi* 
osity by some useful application, I will proceed to discuss 
all the most interesting subjects of Elementary Geometry^ 

It cannot I think be denied that this method is at 
least likely ^ encourage those who might be repelled by 
the dryness of geometrical truths when stripped of their 
application, but I hope that it will have besides higher use, 
in that it may accustom the mind to seek and to discover ; 
for I will carefully abstain from giving any propositions 
under the form of theorems (that is to say, of those pro- 
positions by which truths are demonstrated) unless I show 
at the same time how this discovery of the truth has been 
arrived at. 

If the first mathematical authors presented their dis- 
coveries in the form of theorems it was doubtless for the 
purpose of giving a more marvellous character to their 
productions, or of avoiding the trouble of restating the 
train of ideas which had guided them in their re- 
searches. However that may be, it has appeared to me 
more judicious to employ my readers constantly in solving 
problems, that is to say, in seeking the means of per- 
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fonning some operation or of discovering some unknown 
truth by determining the relation which exists between 
given magnitudes and magnitudes unknown which it is 
desired to discover. 

In following this course beginners will perceive at each 
step that they are made to take the reasons which guide 
the discoverer, and thus they can acquire more easily the 
spirit of discovery. 

I may perhaps be reproached in some parts of these 
Elements for referring too much to the evidence of the eyes 
and for not keeping sufficiently close to rigorous exacti- 
tude of demonstration. I would ask those who might 
so reproach me to observe that I pass lightly only over 
those propositions of which the truth is discovered with a 
moderate degree of attention. 

I do this chiefly at the beginning, where propositions of 
this kind are more frequently met with, for I have re- 
marked that those who have a turn for Geometry are 
pleased by a little exercise of their minds ; and that, on 
the other hand, they are disheartened when they are 
overwhelmed with demonstrations which, so to speak, are 
useless. 

It is not to be wondered at that Euclid takes the 
trouble to demonstrate that two circles which cut each 
other have not the same centre ; — that a triangle enclosed 
within another has the sum of its sides less than that 
of the sides of the triangle in which it is enclosed. 
That Geometer had to convince obstinate sophists who 
gloried in refusing to admit the most evident truths ; it 
was necessary then that Geometry should, like Logic, have 
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the aid of formal reasoning in order to close the mouths 
of sceptics. But things have changed. All reasoning 
that proves what common sense decides beforehand is 
now mere waste, and serves only to obscure truth and dis- 
gust students. I may also be reproached for having omitted 
various propositions which are found in ordinary ele- 
mentary works, and for contenting myself with giving 
only the fundamental principles of propositions. 

To this I answer that this treatise contains all that is 
necessary for my purpose ; that the propositions which I 
omit are of no use in themselves, and give no aid in under- 
standing those which it is important to know ; that what I 
say in respect of proportions should suffice to render in- 
telligible the elementary theorems which refer to them. 
That is a matter which I shall treat more fully in the 
Elements of Algebra which I intend to publish hereafter. 

To conclude, as I have chosen the measurement of 
land in order to interest beginners, ought I not to fear 
that these Elements may be confounded with the ordinary 
treatises on land surveying ? This thought can only come 
to those who do not consider that the measurement of 
land is not the real object of this book, but that it serves 
as the means of discovering the chief truths of Geometry. 
I might, indeed, have gone back to these truths by trac- 
ing the history of Physics, of Astronomy, or of any other 
branch of mathematics that I might have thought proper 
to choose ; but in that case the multitude of foreign ideas 
which would necessarily have then engaged attention 
would have stifled the purely geometrical ideas on which 
only I had to fix the mind of the reader. 
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FIEST PAET, 

OF THE MEANS THAT IT WAS MOST NATURAL TO 
EMPLOY FOR THE MEASUREMENT OF LAND, 

It seems that the first things to be measured must have been 
lengths and distances. 

1. 

To measure any length, the expedient furnished by a sort of 
natural geometry, is to compare the length of a known measure 
to a length that it is desired to know. 

2. 

It is evident that in order to measure the distance between 
two points, a straight line must be drawn from the one to the 
other, and that the known measure must be applied to this line, 
because all other lines, making necessarily a circuit more or 
less great, are longer than the straight line which makes no 
deviation. 

3. 

Besides measuring the distance from one point to another, it 
is often necessary to measure the distance from a point to a 

B 
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line. A man, for example, placed at d, upon the twnk <^ s 
river, desires to knov how &r he is from the other bank a b. 
It is clear that, in order to measure this distance, he must select 
the shortest of all the possible lines, o a, d b, etc., that can be 
drawn from the point d to the straight line 
A B. It is readily seen that this shortest 
line is D c, which doeo not seem to incline 
eitlier towards A or towards b. It is there- 
fore to this line, which is named perpendi- 
cular, that the known measure is to be 
applied, in order to ascertain the distance 
D c from the point d to the straight 
line A B. But in order to sf^lj this measure to the line D c, 
that line most £rst be drawn. It was therefore necessary to 
have a method of drawing perpendiculars. 




There are many other cases in which perpendiculars are 
required. It is evid^it, for instance, that the regularity of 
figures such asABCD, Foai, called rectangles, and composed 




of four sides perpendicular to each other, commended them as 
the proper forms for houses, gardens, chambers, walls, etc. 

The first ctf these figures a b c d having the four sides equal, 
is commonly called a square. The other ram, which has only 
its opporate sides equal, retains the name of rectangU. 
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5. 

In the different operations which require perpendiculars to 
be drawn, they have either to be let fall upon a line from a 
point outside of it, or to be erected from a point in the line 
itself. 

If from the point c in the line a b it is desired to erect a 
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line c D, perpendicular to A B, 
this line must incline neither 
towards A nor towards B. Sup- 
posing then in the first place 
that c is equally distant from 
A and B, and that the line c D 
does not incline to either side, 
it is obvious that every point 
in this line must be equally 
distant from a and from b. It 
is only necessary then to find 

some point d such that its distance from a is equal to its dis- 
tance from B, and to draw through c and through this point a 
straight line C d, which is the perpendicular required. 

The point d might be found by trial; but trial does not 
satisfy the mind : it demands a precise method, which is as 
follows. Take an ordinary mea- p^g 5 

sure, a cord, for instance, or a p o q 

compass opened to a certain width, n<^ 

according as you have to work upon 
land or upon paper. 

Fix at the point a either the one 
end of the cord, or the one point of 
the compass, and, making the other 
end or point sweep round it, trace the arc p d m ; then, without 
altering the measure, perform the same operation from the point 
B as a centre, so as to describe the arc Q d n, which, cutting the 
first arc at the point D, gives the point required. 

For since the point n belongs equally to both the arcs P d m, 
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Q D N, described by a radius of the same length, its distance 
from the point A must equal its distance from the point b. 
Accordingly, as c D does not incline towards A nor towards b, 
this line is perpendicular to a b. 

If the point c be not equally distant from A and from b, it is 
only necessary to take two other points a and h equally distant 
from c, and use them instead of a and b as centres for describing 
the arcs p d m, q d n. 

6. 

If some of the arcs drawn, such as pdm, be continued 

through o, E and r, till it returns to the point p where it 

^. a started, the entire trace is 
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called the cvrcv/mfer&nce of a 
^;^ drcU, or simply a circle. 

If only a part pdm of 

the circumference be drawn, 

that part is called an arc of a 

/^ ° " drde. The fixed point a is its 

/ centre, or the centre of the 

\ /'' / circle. 

E^^.,, ,.''o And the distance a d is its 

"■ radiiLS, 

Every line like d a E, which passes through the centre a and 
which terminates at the circumference, is called a diameter. It 
is obvious that this line is double the radius, and hence the 
radius is sometimes called the aemirdiameter. 



7. 

The method of erecting a perpendicular to a line a b leads 
to that for letting fall a perpendicular from any point e, outside 
of the line ; for, by placing at e either the end of a cord or the 
point of a compass, and with an equal distance E& marking 
two points a and b upon the line a b, it is only necessary to find, 
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by the previous method, another point 
D, equally distant from a and 5, and 
through this point and E to draw the 
straight line d e, which, having each of 

its extremities equally distant from a ^ 

and from 5, and therefore not inclining 
more towards one of these points than 
towards the other, is perpendicular to 

AB. 

8. 

From the preceding operation is derived the solution of a 
new problem. 

Let it be desired to bisect a straight 
line AB, that is, to divide it into two 
equal parts. 

From the points A and b as centres, 
and with any opening of the compass or 
radius, describe arcs rei, qef, from \ — 
the same centres a and b, and with the 
same, or with any other radius, describe 
also arcs p D M, Q D N. Then the line e d, 
which joins the points of intersection e 
and D, cuts a b in two equal parts at the point a 
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9. 

The method of drawing perpendiculars being foimd, nothing 

was more easy than to use it for 
constructing the figures called 
rectangles, and sqttares, referred to 
in Par. 4. To make a square a b c d, 
of which the sides are to be equal 
to the given line k, take on the 
straight line ge a distance ab 
equal to K, then erect (Par. 5) at 
the points a and b the perpendi- 
culars A D, B c, each equal to k, and join D c. 
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10. 

To draw a rectangle f a h i of 
length K and width L, make f g 
equal to k, erect the perpendicu- 
lars f I and G H each equal to l, then 
join H I. 



Fig. 10. 

K 





11. 

In the construction of works such as ramparts, canals, streets, 

etc., it is necessary to draw parallel lines, that is to say, lines 

such that the distance between them perpendicularly measured is 

everywhere the same. To draw such parallels, nothing seems 

f'ig. 11, to be more natural than to adopt 

the method for drawing rectangles. 
Let AB, for instance, be one side of 
a canal, or rampart, etc., which is to 
be of the width c a, or, to express 
the problem in a more fitting and 
geometrical way, let it be supposed 
that through c is to be drawn c d parallel to a b. Taking any 
point B in the line A b, and operating in the same manner as for 
drawing on the base A b, a rectangle a b d c, having a c for its 
height, — then the lines c d, a b, if they were prolonged to infi- 
nity, would be always parallel, or, what comes to the same 
thing, they could never meet. 

12. 

As the regularity of rectangular figures causes them to be 
frequently employed, as already stated, there are many cases where 
it is necessary to know their extent. It may be required, for 
instance, to determine how much carpet is wanted for a room, or 
How many acres are contained in a rectangular enclosure. 

To determine such questions, the simplest and most natural 
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method seems to be to make use of a commonly adopted measure, 
which, applied repeatedly over the surface to be measured, should 
cover it entirely, a method corresponding with that employed 
for determining the lengths of lines. 

It is obvious, however, that the measure of surfaces must 
itself be a surface, such a^ a square yard, or a square foot, etc. 
Thus, to measure a rectangle is to determine the number of 
square yards or square feet that its surface contains. 

To make the meaning clear by an example, let the given 
rectangle a b c d have seven feet of height, upon a base of eight 
feet; this rectangle may be pjg^ 12. 

considered to be divided into 
7 bands a, 5, c, d, e,/, g, each 
containing 8 square feet. The 
area of the rectangle must 
therefore be 7 times 8 squai'e 
feet, or 56 square feet. 

On recalling the first Ele- 
ments of arithmetical calcula- 
tion, it may be remembered 
that, to multiply two numbers 
is to take the one as many 
times as unity is contained in the other, and thus a perfect 
analogy subsists between ordinary multiplication and the 
operation of measuring a rectangle. It is seen that by multi- 
plying the number of yards or of feet, etc., in its height, by 
the number of yards or of feet, etc., in the base, the number of 
square yards, or square feet, etc., contained in the surface, is 
determined. 

13. 

The figures which have to be measured are not always 
regular like rectangles, but their measurement is nevertheless 
often required. 

Sometimes it may be necessary to determine the extent of a 
work constructed upon irregular ground ; sometimes it may be 
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necessary to know the acreage of a field, having an irregular 
boondaiy, etc* 

It was therefore necessary that to the method of determining 
the extent of rectangles should be added that of measuring 
figures which are not rectangulai*. 

It is at once seen that, practically, the difficulty applies only 
to the measurement of rectilineal figures, such as a b c d e, that 
is to say, of figures bounded by straight Unes, for if curves should 
occur in the outline, as in the figure ABCDEFG,itis obvious 
that these curved lines, when divided into as many parts as 
may be necessary to avoid sensible error, may always be con- 
sidered an assemblage of straight Hues. This being under 

Fig.:i4. 





stood, it is seen that, notwithstanding the infinite variety of 
rectilineal figures, they can always be measured in the same way 
by dividing them into three-sided figures, commonly called tri- 
angles, which may be done in a simple and convenient way, by 
drawing from any point A, of the figure abode, straight lines 
A c^ A D, etc., to the other points c, D, etc. 



14. 

It will then only be necessary to measure the triangles so 
formed. In order to discover what is unknown, the surest way 
is to seek among what is known for something that may have 
relation to that which it is desired to discover. Now it has already 
been shown that every rectangle A b c D is equal to the product 
of its base A b by its height c b. Further it is easy to perceive 
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that this figure, when cut across by the line a c, named its di- 
agonal, is divided in two equal triangles ; and hence it is inferred 
that each of these triangles is half the product of its base A b, o(r 
D c, by its height c b, or d a. 

It seldom happens, however, that the triangles to be measured 
have two of their sides perpendicular to each other like the tri- 
angles ABC, ADC, which are called right-angled triangles ; but 
there is nothing to prevent us from reducing all triangles to tri- 
angles of the same kind. 

For if from the vertex A of any tiiangle a b c a perpendicular 
A D be let fedl upon the base b c, then the triangle a b c is divided 
into two right-angled triangles, a d b, a d c. To resume, then, it is 
evident that as the two triangles a d b, a d c are the halves of the 

Fig. 15. 





rectangles a e b d, a d c f, the whole triangle a b c must be like- 
wise half of the whole rectangle e b c F, having b c for its base 
and A D for its height. But since the surface of the rectangle 
E B G F is the product of the height e b or a d by the base b c, the 
triangle A b c is measured by half the product of the base b c by 
the perpendicular a d or height of the triangle. 

Thus are furnished means of measuring all lands bounded by 
straight lines, since there are none that cannot be reduced into 
triangles, and from the vertices of these triangles perpendiculars 
can be let &dl upon their bases. 



15. 

As in the method thus given for measuring the area or sur- 
face of triangles only their base and their height are considered. 
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without regard to the length of their 
sideSy it follows as a proposition, or 
theorem, that all triangles such as E c B, 
ACB, having a common base cb and 
equal heights e f, A d, have the same 
area. 



16. 

To render it more easy to understand the principle of mea- 
suring triangles, that side has been chosen for base upon which 
a perpendicular can be let fall from the opposite vertex — a 
choice that can always be made in measuring lands. 

But as, in comparing triangles which have the same base, the 

perpendiculars let fall from their ver- 
tices may fall outside of the triangle, as 
in figure 18, it may be necessary to as- 
certain if triangles such as b c g follow 
the same law as the others, that is 
to say, if they also are halves of the 
rectangles ecbf which have the per- 
pendicular o H for their height. 
This is readily ascertained by observing that the triangle 
c o H, which is the sum of the two triangles c g b, o b h, is half of 
the rectangle e c h g, which is the sum of the two rectangles 
E G B F, F B H a, that is to say, the two triangles c g b, g b h, taken 
together, are half of the rectangle e c h g. Now the triangle g b h 
is the half of the rectangle f b h g, therefore the triangle c g b is 
half of the other rectangle ecbf, which has b c for its base, and 
G H for its height. 

17. 

The proposition demonstrated in the three preceding para- 
graphs may be generally expressed in these terms : the triangles 
EBG, ABC, GBC are equal, when they have a common base b g. 
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and when they are between the same parallels e a g, c B h, that 
is to say, when their vertices e, a, g, are in one straight line e a g 

Fg. 19. 




parallel to the straight line c b, for then (Par. 11) their heights, 
measured by the perpendiculars e f, ad, g h, are equal. 

18. 

Amongst the different rectilineal figures that can be measured 
by the preceding method, there are some that approach to the 
regularity of rectangles, such as the fig. 20. 

spaces A B c D bounded by four sides, 
of which each is parallel to the side 
opposite to it. These figures are 
called parallelograms, and are more 
easy to measure thaa any other recti- 
lineal figures, except rectangles. For 
if the parallelogram A b c d be divided ^ 
into two triangles, a b c, a c n, these two triangles are visibly 
equal ; and, as each of these triangles is half the product of the 
height A F by the base b g, the parallelogram must be measured 
by the whole product of the base b c by the height a f. 

19. 

It follows that all parallelograms abcd, ebcf, having 
a common base and lying between the same parallels, are equal. 
This may be readily seen, even independently of what precedes, 
on observing that the parallelogram abcd would become the 
parallelogram e b c f if the triangle D c F were added to it, and 
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the triangle A b e cut off from it ; and if the two triangles D c f^ 
ABE are equal, it is ohvious that the parallelogram A b c d can« 
not change in area or extent in becoming ebcf. To make 



Fig. 21. 
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sure of the equality of these two triangles, it is sufficient to ob- 
serve that A B and c D, being parallel, as well as b e and c f, the 
triangle d c f can be nothing else than the triangle a b e moved 
along its base^ till the point A reaches d and e reaches f^ 



20. 

There are also other rectilineal figures easy of measurement 





::^D 



which are called regular polygons — figures bounded by equal 
sides, having all the same inclination to one another. Such are 
the figures abdef, abdefg, abdefgh. 

As it is usual to give the symmetrical form of these figures 
to basins, fountains, to public places, etc., it would be well, before 
learning how to meaaure them, to see how they can be drawn. 
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21. 

Having described the drcumference of a circle and divided 
it into as many equal parts as 
there are sides to the proposed 
polygon : draw the lines a b, b d, 
j> E, etc., through the points a, b, 
D, B, etc., which divide the circum- 
ference forming the polygon re- 
quired, which is called a pentagon, 
|i hexagon, a septagon, an octagon, 
^ nonagon, or a decagon, etc., ac- 
cording as it has five, six, seven, 
eight, nine or ten sides, etc. 




Fig. 26. 



22. 

In order to measure a regular polygon, the method already 
given (Par. 13) for all rectUineal figures may be employed ; but 
it is readily seen that the shortest 
way is to divide the polygon into 
equal triangles, all having the 
centre c for their common vertex. 
Taking one of the triangles, c b d 
for example, and drawing on the 
base B D the perpendicular c k which 
in that case is named the apo- 
theme of the polygon: as the area 
of the triangle is the product of 
the base b d by half of c K, this 
product taken as many times as the polygon has sides gives the 
area of the entire figure. 




S3. 

If the circumference of the circle were divided into only 
three equal parts, a triangle would be formed commonly called 
an equilatercU triangle. 
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If the circumference were divided into four equal parts, a 
square would be formed ; but these two figures, the simplest of 
all polygons, can easily be drawn, without having recourse to the 

division of a cii*cle, as has been already 
seen (Par. 9) for the square. 

With respect to the equilateral triangle, 
it is readily seen that, in order to describe 
it upon a given base a b, the points a and 
B are to be taken as centres, and with an 
opening of the compass equal to A b, arcs 
DGF and GCH are to be described, and 
lines A c, B c, drawn from a and b to c, the intersection of the two 
arcs D G F, G c H, and the vertex of the triangle. 

24 

To the method of describing geometrically the equilateral 
triangle and the square, the simplest of all polygons, might be 
added that of drawing a pentagon, as many authors have done 
in their Elementary treatises ; but as beginners, to whom 
alone this treatise is addressed, would have great difficulty, in 
following the road which Algebra has pointed out, for drawing 
this figure, it may be well to postpone the description of the pen- 
tagon to another period in a treatise following this, in which 
that description will be given as well as that of all the other 
polygons having a greater number of sides which, without the 
help of Algebra, cannot be described geometrically. 

From the polygons having more than five sides that 
can only be described by means of Algebra must be excepted 
those of 6, 12, 24, 48, etc., sides, and those of 8, 16, 32, 64, etc., 
sides, which can easily be described by methods furnished by 
elementary geometry, as will be seen at the close of this first 
part. 

25. 

Eetuming to the measurement of lands, there are many 
cases where the forms are such that their measurement cannot 
be effected by the methods already described. 
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Let ABODE be the figure of a field or an enclosure, etc., 
which it is desired to measure. Following what has preceded, 
let it be divided into triangles such as abc, acd, ade, 
and let these triangles be measured after having drawn the 
perpendiculars ef, ch, bg. Bat if in the space abode there 
should be some obstacle, 
an elevation, for ex- 
ample, a wood, a pond, 
etc., which prevents the 
necessary lines from e 
being drawn, what then 
must be done? What 
method must be adopted 
in order to get over the 
inequality of the soill The first expedient that presents 
itself to the mind is to choose some flat ground where one 
can easily operate, and on it to describe triangles equal and 
similar to the triangles abg, acd, etc. Let us see how such 
new triangles are to be formed. 




26. 

Supposing in the first place that the obstacle occurs within 
the triangle abc, of which the sides are known, and that an 
equal and similar triangle is to be drawn upon the chosen 
ground. First we should draw a line de equal to the side ab ; 
then, taking a cord of the length bg and fixing one of its ends in 
E, we should describe the arc ifg, which will have the cord for 
radius, and by means of another cord taken equal to ag, and 
attached by one end at d, we should draw the arc k f h cutting 
the former arc in the point f. Then drawing the lines df and 
F£, there is a triangle def equal and similar to the proposed 
triangle abc. This is evident, for the sides d f and e f, which 
meet at the point f, being respectively equal to the sides a g and 
b c meeting at the point c, and the base d e having been taken 
equal' to A b, it is not possible that the position of the lines 
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D F and E F upon d e should be different from the position of 
the lines A c and b c upon A b. It is true that the lines d /*, e/^ 



Fig. 29. 



Fig. 30. 




might be drawn below x> E, but the triangle so produced would 
be still the same : it would be simply reversed. 

27. 

If only two of the sides of the triangle a b c, A b, b c, for in- 

stance,could be measured, 
it is clear that with this 
alone we could not deter- 
mine a second triangle 
equal and similar to A b c ; 
for though we might 
take DE equal to BC, 
and D F equal to b A, we 
could not know what po- 
sition to give to the one 
relatively to the other. 
A simple expedient pre. 
sents itself for overcom- 
ing the difficulty : it is to 
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make d f incline in the same manner upon d e as a b inclines 
upon B c or, to express it geometrically, to make the angle f d e 
equal to the angle a b c. 

28. 

To perform this operation, we take an instrument such as 
abCf composed of two bars which can be turned round b, and we 
put the bars on the sides a b and b c so that they contain be- 
tween them the same angle as the sides a b and b g. Placing 
then the bar b c upon the base D e, with the centre b on the point 
D and keeping the angular opening of the instrument always 
the same, the bar a b will give the position of the line d f so as 
to make, with the line d e, the angle f d e equal to the angle 
ABC. Now the line d f having been taken of the same length as 
B A, it is only necessary to draw through f and E the straight 
line F E in order to have the triangle fed completely equal and 
similar to the triangle A B c. This simple problem takes for 
granted this obvious principle, that a triangle is determined by 
the length of two of its sides, and by their angular opening ; or 
what amounts to the same, that one triangle is equal to another 
when two of their sides are respectively equal and when the 
angle contained by those sides is the same. 

29. 

The angle f d e might be made equal to the angle a b c in the 
following manner. 

Fig. 33. Fig. 34. 





From the centre b and with any radius b a describe an arc 
ahc; then from the centre d with the same radius draw the 

c 
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arc e if\ then it is only necessary to find a point / situated on 
the arc eifva the same manner as a is situated upon the arc 
cha. This point /is easily found by means of the straight line 
a c which, according to the ordinary definition, is called the chord 
of the arc a he. 

For if, from the centre e and with a radius equal ix> ac the 
arc Ifk be drawn, then the intersection of the two arcs e i/y l/k, 
gives the required point/. 

Drawing then through d and/ the line d/p, the angle f d e 
is equal to the angle a b c since (Par. 26) the triangles Bac, 
j)fe are equal and similar in every respect. 

30. 

In desiring to make the triangle f d e equal to the triangle 
A B G it may happen that only one of the sides can be measured, 

B c for instance : then we 
have recourse to the 
angles abg and agb. 
Having made d e equal 
to B 0, the lines F d and 
fe are drawn in such 
a way that they make 
with D e the same angles 
that AB and Ao make 
with B c. Then, by the 
meeting of these lines is 
produced the triangle 
E FDE, equal and similar 
to the triangle ABO. The 
principle that is assumed in this operation is so simple that it 
has no need of demonstration. 

31. 

If of three sides of the triangle a b c, one only, the base b c, 
could be measured, but if this triangle were known to be isos- 
celes, that is to say having the two sides a b and a g equal, it 
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e of the tvo angles i 



^ and 



voold suffice to measure only o: 
A c B, the other being equal to it 

The reason of this is readily seen on supposing vhat would 
happen if the two sides A b, a c, of the triangle a b c, lay In the 
first place upon bd, -p^^ 2^ 

and upon c E, prolong- 
ations of the base B c, 
and if then they were 
turned upwards to / 
meet at the point a, / 

The equality of these j 

two sides would pre- ^ bo e 

vent the one from moving farther than the other, and conse- 
quently when they are j oined, they would be equally inclined to 
the base bc, or the angle a bc would be equal to tlie angle acb. 




To return to the measurement of lands, it is seen that what- 
ever may be the obstaclee presented in their interior, it will be 
easy, by t^ preceding method, to transfer to clear laud all the 
triangles dividing 
the space to be 



Fie. 38. 



Suppose, for in- 
stance, that we de- 
sire to measure a 
wood, of a figure 

BUChaSABCDEFO. 

We might first ^ 
make a triangle 
equal to ABC, 
which we could do 
without entering the interior of tiiis triangle by measuring 
the two sides ab, bc, and the included angle gba. This 
triangle being described would give the angle bca and the 
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length of c A, and as we could measure the exterior side d c, we 
should have in the triangle cad the sides DC and OA. We 
could find the angle d c a by taking first the angle i k l equal to 
D c B, and then the angle l k o equal to b c a, which would give 

the remaining angle iko 
equal to the required angle 

DC A. 

The triangle a d c thus de- 
termined by the two sides d g 
and c A, and by the included 
\ angle d c a, we should know 

in like manner the triangle 
^ D A Q and the rest of the figure. 

33. 

The measurement of lands in which lines cannot be drawn 
often gives rise to great difficulties in practice. A free uninter- 
rupted space is seldom found sufficiently extensive for making 
triangles equal to those of the land to be measured ; and even 
if it were found, the great length of the sides of the triangles 

Fig. 40. Fig. 41. 

D 





might render the operations very difficult. To let fall a perpen- 
dicular on a line from a point distant from it only 1000 yards 
would be extremely difficult, and perhaps impracticable. It is 
therefore necessary to have a method which takes the place of 
these large operations. Such a method readily ofiei's itself. It 
suggests itself that the figure to be measured abode ma^ be 
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represented by a smaller Sguie ahcde, in which, for instance, 
the side a h may be 100 inches if the side a b is 100 yards, 
the side 6 c 45 inches if b c is 45 yards. Then the area of the 
reduced figure ahcde being 60,000 square inches, that of the 
figure ABODE must obviously be 60,000 square yards. 

But in the first place we must understand what constitutes 
the similarity of two figures.- 

34. 

After a little reflectioti, we must see that the two figures 
ABCDBy abode, in. order to be similar, must be such that the 
angles A, B, o, d, e, of the greater are equal respectively to the 
angles a, 5, c, d, e, of the less, and further, that the sides abfhc,cd, 
&c, of the less contain as many parts such as jo, as the sides a b, 
B c, D, &c,y of the greater, contain pai'ts such as p. 

36. 

In expressing this second condition. Geometers say the sides 
A b, b 0, o D, &c., are proportional to the sides ab,bCfCd, <&c., or 
the side a b contains a 5 in the same manner that b o contains 
be, or the side a b is as great relatively to a 6 as b o is relatively 
to be, &c, ; or there is the same ratio between a b and a 6, as 
between bo and be, or finally, a b is to ab, as bo to be, &c. 
These are all various ways of expressing the same thing, with 
which one should be familiar, in order to tmderstand the lan- 
guage of Geometers. 

36. 

Having seen what constitutes the similarity of two figures, 
let us ask what is the most natural way of drawing one figure 
similar to another. For this purpose let us imagine that a 
draughtsman desires to copy a figure to a reduced scale. 

First, taking a& to represent the base a b of the figure to be 
copied, ABODE, he draws the sides a e and b e inclined in the 
same way to ab that a e and b o are inclined to a b, in observing 
that the lengths of ae and b o are to that of a 6, as the lengths 
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of A E and of B c -are to that of a b ; that is to say that if a e, 
for example, be the half of a b, he makes a e half of a 6, and 
does the same in determining the length of b c relatively to bc. 
Having thus determined the points e and c, he draws the 
two lines e d and c d inclined to 6 a and c 5 in the same maimer 
as E D and c d are inclined to e a, c b j and prolonging these lines 
till they meet in d^ he completes his figure ahcde, 

87. 

On reflecting on this construction, it is at once seen to depend 
upon the equality of the angles e, a, b, c to e, a, 6, c, respectively, 
and upon the proportionality of the sides e a, a b, and b c to the 
sides ea, ahyhc, the figure being completed without making the 
angle d equal to the angle d, or the sides ed,cdy proportional to 
the sides ed, gd. This reflection might at first raise a doubt 
whether the angle d be actually equal to the angle d, or the 
sides edy cd, proportional to the sides E D, CD, and consequently 
whether the figure ahcde be altogether similar to the figure 
abode. Experience alone would soon relieve that doubt; 
besides, with a little attention it is seen that from the equality 
of the four angles e, a, b, g, respectively to e, a, &, c, and the 
proportionality of the three sides e a, a b, b g, to ea^ ab, bcy 
necessarily result the equality of the angles d, d, and the pro- 
portionality of the sides e d, cb, to ed, cd. 

But to avert all possible doubt, let us show that all the con- 
ditions required for the similarity of the two figures are neces- 
sarily dependent upon one another ; which it will be easy to do 
by examining, first triangles, which are the simplest figures, and 
which necessarily enter into the composition of all others — an 
examination which will lead us to all the properties and uses of 
similar figures. 

38. 

Let us suppose that upon the base a 6 is drawn the triangle 
a be, taking only the angles cab^cba, equal to the angles cab, 
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c B A, of the triangle a bg : it is first to be shown that the third 
angle acb equals the third angle A c b. 

For if the triangle abche placed upon the triangle a b c in 
such manner that the point a is upon the point a, a 6 upon a b, 
and a c upon AC, it is clear that c b must be parallel to c b 



Fig. 42. 



Fig. 43. 





because the side c 6, prolonged, could not meet the side c b, other- 
wise the two lines woidd be unequally inclined to a b, and con- 
sequently, the angles cbx and c b a would be unequal, which is 
against the supposition. As from the equality of the angles 
cba and c b a, it follows that the lines c 5, c b, are parallels, so 
from the parallelism of these lines it follows that the angles 
AC by ACB, must be equal : which was to be proved. 

39. 

Now let us show that the corresponding sides in the two tri- 
angles acb and acb, including equal angles, are proportional. 
To fix our ideas, let us suppose first that a & is half of a b ; then 
we have to prove that a e is likewise half of A c. Let acb (as 
in the preceding paragraph) have still the Fig. 44. 

position AC by drawing c g parallel to A B : 
this line must equal 5 b or a 6, and g b 
must in like manner equal o b. 

Then as the angles cgc aiid ccg are 
manifestly equal to the angles cb a and c a 6, the triangles Qcg 
must equal the triangle cAb (Par. 30). Hence we have cc 
equal to a c and c^ equal to c 6 or ^ B ; therefore a c or a c is the 
half of A c and c b the half of c B. 
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If a 6 were contained three, four, or ajoj other numher of 
times in a b, it would be equally easy to show that a c would be 
contained the same number of times in a c, and c 6 in c b. For, 
from the points of division 6,/, of the base a b drawing b e,/k, 
&c., parallel to b c, we could place along a c three, four, &c., tri- 
angles Acb,chg,hGi, &c., each equal to the triangles acbyAcb. 

But 'if a b, instead of being contained an exact number of 
times in A B, were so contained with some fraction, two and a 
half times, for example, it could be proved that a c would be also 
contained two and a half times in a c, and b c two and a half 
times in B c. 



m i l l it 



M- 



For when by means of the parallels b c^/h, we should have 
placed along ac the two triangles ac6, chg, equal io acb, 
there would remain between the two parallels h/ and c b room 
to place a triangle chifOi which the sides are halves of the sides 
of c A 5 ; which is obvious, because by the suppositLon/B is half 
of A 5 and the base hioi the triangle chi equals/B, A./ being 
parallel to c B. Therefore, generally, when two triangles a bc, 
abCf have equal angles, these triangles, named similccr triangleg, 
have their sides proportional, or, what is absolutely the same 
thing, the sides a b, b c, a c, of the one triangle a b c contain the 
same number of parts p as the sides abybc,ac, of the other tri- 
angle abc contain of parts jo, p being the foot, yard, &c,, ot^ 
generally, the scale on which a b c is oonstructed, and p that 
employed in constructing abc. 



ELEMENTS OF GEOMETBT. 



25 




40. 

From the proposition just demonstrated flows naturally the 
solution of a problem often useful in practice. 

It is desired to divide a line into a given number of equal 
parts. This might be done 
by trial, but never with that 
certainty given by geome- 
trical exactitude. 

Suppose, for instance, 
that we have to divide a b 
into three equal parts, we 
b^in by drawing an indefi- 
nite line AC making any 
angle with a b; then in this 
line, we set off three equal parts a c, c A, A c, with an opening of 
the compass taken at will ; we then join c b and draw to this 
line the parallels c b, hf: thus a b cut at the points 6,/, is di- 
vided into three equal parts ; as is obvious from the preceding 
paragraph. 

41. 

If it were desired to divide a line into a fractional number 
of parts, as two and a half, three and a quarter, &c., or, gene- 
rally, to divide the line a b at the 
point b so that a B might be to A 5 as 
the line n o is to the line m q, it is 
seen that the solution of the prob- 
lem depends on Par. 39, that is to 
say, ^e shoidd draw through A any 
straight line, take upon this line 
AC and AC respectively equal 
to MQ and NO, and then draw 
c b parallel to c b, giving the 
point !> required. Geometers express this problem as follows : — 
To find a fourth proportional to three given lines n o, m q, a b. 




M- 
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42. 

It is evident that two similar triangles a b c, a be, have not 
only their sides proportional, but also that the perpendiculars c f, 

Fig. 49. Fig. 60. 







cf, if drawn from their vertices c, c, upon their bases AB,ab, must 
follow the proportion of the sides. It is so easy to demonstrate 
this by what precedes, that we need not stop to do so. 

43. 

As to the area of similar triangles a b c, a 5 c, it is obvious 
that the area of the former must contain as many squares x 
made to the scale p, as the area of the second contains squares x 
made to the scale p. For as c f and a b have, by the preceding 
paragraph, as many parts p as of and a h have parts jt>, half the 
product of c F by A B which measures A B c (Par. 14) gives the 
same number as that which results from half the product of c/ 
hj ab which measures a be, but with this difference, that as c F 
and A B are reckoned in parts p, their product is counted in 
squares x, and that as cf and a b are reckoned in parts p, their 
product is counted in squares x. 
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44. 

What has just been sold as to the measure of similar tri- 
angles serves to prove a proposition which, in the Elements of 
Geometry, is usually enunciated as follows : — Similar triangles 
AB c, abcy are to each other as the squares A b d.e, abde, of 
their homologous, or corresponding, sides A B, ab. The demon- 
stration contained in the preceding paragraph leads absolutely 
to this consequence ; for the square A B D £, containing as many 
z's&a abde contains x% it is obvious, that the two numbers of 
square x's which express the relation of the triangle A B c to the 
square A b d e, are the same as the two numbers of square x*8, 
which give the relation of the triangle a 6 c to the square abde, 
or, what is the same, that the triangle A B c is to the square 
A B D E as the triangle a & c is to the square abde. 

Hence it follows that if, for instance, the side a b were double 
the side a b, the triangle a c b would be the quadruple of the tri- 
angle acb ; that if a b was the triple of a b, the triangle a c B 
would be nine times the triangle acb, &c., for A B cannot be the 
double of a 6 without the square abde being quadruple of the 
square abde, &c. 

46. 

To pass at once from triangles to other figures, let us sup- 
pose that to each of the similar triangles A b D, a 6 c£, we join two 



Fig. 61. 



Fig. 62. 




A F B 

other triangles a d E and b d c, ade and bdc, respectively simi- 
lar, we see that in the totaJ figures abode, a6c(26: — 
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(1) The anglee a, b, c, d, e, are the same as the angles 
a, by c, d, e, for they are either the corresponding angles of similar 
triangles, or are composed of such corresponding angles. 

(2) The ratios of the homologous or corresponding sides d E , 
de,BC,bcy <&c.y of the figures abode, a^cc^a, are necessarily the 
same, that is to say, if p, for example, is contained a certain num- 
ber of times in the base a b, and p is contained the same number 
of times in a 5, p and p are contained the same number of times 
in auy two corresponding sides such as d e, c£ e. For owing to 
the similarity of the triangles abd, a bd, the number of p's con- 
tained in A D must equal the number of p*B contained mad; 
therefore, regarding these sides as the bases of similar triangles 
IlDB, ade, the number of parts p contained in d e must be the 
same as the number of parts p contained in the side d e. 

(3) If in the two figures, corresponding lines be drawn such 
as CK, ce, or the perpendiculars d f, df, <&c., these lines most 
always have the same ratio oa the corresponding sides of the 
two figures abode, abcde. Thus the figures are precisely 
similar in all respects. 

46. 

The figure abcde being thus described perfectly similar to 
the figure a b c D £, it is obvious that if it were desired to draw 
another figure entirely equal ix) abcde, and consequently also 
similar to A b c D e, it would be unnecessary to measure all the 
sides and aU the angles o£ abcde; it would suffice, for instance, 
to take the three sides ab, ea, be, and the four angles e, a, 5, c, 
and with this alone we should be sure of drawing again the 
same figure abcde similar to abode. This forms a complete 
demonstration of that which was previously assumed (Par. 37). 
But we may go further, for obviously there are different ways 
of combining the sets of angles and lines that should be measured 
in any figure, in order to make another figure proportional to it. 
Further detail would only fatigue the reader. 

47. 

It might be demonstrated by reasoning similar to that of 
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Far. is, that the numher of squares x contained in the figure 
A B c D E, is the Bame as that of the squaree x cootaiued in the 
figure abode, and cousequently, the areas of Bimilar figures are 
to each other as the squares of their homologous sides. 



All that' has heen said as to eimilar figures may be reduced 
to this single principle, that similar figures differ only in the 
scales on vhich they are constructed. 



Now to understand better the use that can be made of simi- 
lar triangles and reductions in measuring land upon irhich ire 
could not conveniently operate, let us suppose that a b c d x p 
represents the outline of a part of a park, of a pond, &c., of which 
we wish to determine the extent. First we should measure one 
of the sides of the figure, r e for example, and ascertain how 
many yai^, feet, &c, this side contains ; then, taking any deedred 

Fig. S3. Fig. fi4. 




scale, we should draw on paper, or cardboard, a liiie/«, contain- 
ing as many parts of the scale as F E contains yards, feet, &c. 
Then marking the angles def, d/e, equal to the angles def, 
SF B, we should have the triangle e df, in which we ahould draw 
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eg perpendicular to df. This done, and the lines d/and e g being 
measured by means of the scale, we should conclude that what- 
ever number these lines contain of reduced parts, so many yards, 
feet, (be., are contained in d f and e q. Then multiplying d f 
by the half of e g, we should have the area of the triangle 
E D f, and measuring in the same way each of the other triangles 
DCF, BCF, ABF, the area of the whole figure would be 
determined. 

60. 

It often happens in practice that it is necessary to measure 
the distance from the place of observation f, to another place 
which some obstacle renders inaccessible — a new problem, the 
solution of which is already given in the preceding paragraph ; 
for, since to measure d f we need only the similarity of the tri- 
angles d efBind. D E F, it is obvious that if we measure any base 
whatever e f and can from the points f and e see the point d, 
the problem will be solved, that is to say, we shall have the dis- 
tance F D. 

61. 

The use that can be made of special instruments, such as 



Fig. 66, 




h AC, (described in Par. 28,) as com- 
posed of two branches jointed to the 
point A roimd which they can be 
turned, exposes us to many mis- 
takes. Sometimes the opening of the 
angle will alter in transport ; some- 
times the form necessarily given to 
the instrument to render its use eaefy 
will prevent it from being used on 
the sheet on which the reduction is 
to be made. Moreover, for each new 
angle b a c, taken in this way, the 
instrument has to be placed upon the 
paper, and the only means of com- 
paring two angles is to place the one upon the other, without 
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by this means ascertainmg precisely, either their relative, or 
their absolute magnitude. 

62. 

It was therefore necessary to seek a standard measure for 
angles, as had been already done for lengths. This was not 
difficult ; for, supposing A 6 to remain -p^g^ 56. 

fixed, if we joint to it the limb a c, ^^" -^ 

and make it turn round A, we can fit /'^\ J/ \ 

to the end c of the movable limb A c / \\ Jf \ 
a pen or a pencil, to render the trace / \ /f \ 

of the point c visible; this trace, I ^^ I 

which forms an arc of a circle, will \ // \ *v 

give exactly the measure of the angle ^\ /f \ 

for each particidar opening of the \ /f \/ 

limbs A 6, A c, that is to say, because *''^^--^_ ^-'•^' 

of the uniformity of the curvature of 

the circle, an opening double, triple, or quadruple that of c a 6 
must have corresponding to it an arc double, triple, or quadruple 
that of c b. 

63. 

Supposing then that the circumference h c d/g, described 
by the complete revolution of the point c, is divided into any 
number of equal parts, the number of such parts contained in 
the arc intercepted by the lines a c and a b will measure the 
opening of those lines, or the angle c a 5 formed by them. 

Geometers have agreed to divide the circle into 360 parts, 
which they call degrees, each degree into 60 minutes, each 
minute into 60 seconds, &c. Thus, an angle 5 a c, for instance, 
may have 70 degrees, 20 minutes if the arc b c, that serves to 
measure it, has 70 of the 360 parts of the circle, and also 20 six- 
tieth parts of one degree. 

64. 

Hence it follows that an angle c a b, of 90 degrees, named 
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Fig. 67. 




commonly a right angUy is that of whicH tHe 
sides A c and a b intercept the fourth part b c 
of the drcomference, and are perpendicular to each 
other. 



65. 

An cumte angle is any angle 
smaller than a right angle, or 
which contains less than 90 de- 
grees. Such are the angles cab, 

FAO, EAO. 

66. 

On the contrary, an obtuse cmgle is that which contains more 
than 90 degrees, like fab. 




Fig. 59. 



57. 



It is obvious that all the angles, like 
OAF, F A E, E A G, c a b, that Can be 
made on the same side of the straight 
line G B, at the same point or vertex 
A, are, taken together, equal to 180 
degrees, or two right angles, measured 
by the half-drcumference. 



58. 

In like manner, the sum of all the angles e A f. f a b, b a c, 
c A D, D A E, that can be made round the point a, as their common 
vertex, is equal to 360 degrees, or to four right angles, measured 
by the entire circumference B o D e f. 
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After having found that angles are measured by parts of a 
circle, let us see how to determine how nuuiy degrees are con- 
tained in an angle, which it is desired to measure. An instrument 
called a semi-circle can be employed for this purpose. It consists 
of two bars e a c, d A b, of equal length, crossing each other at 

Fig. 60. 




A, and fitted with sight wires at their ends. One of these bars, 
E c, is movable around A, and the other, d B, is fixed, and forms 
the diameter of a half-circle d c b,. divided into 180 degrees, &c. 
Now if we wish to know the angle formed by two straight 
lines drawn from the place where we stand to any two objects 
F, G, we first place the fixed bar B a b in such line that the eye, 
placed at d, can perceive one of the two objects p, in line with 
the two wires d and b ; then, without moving the instrument, we 
turn the other bar e c so that the eye, placed at e, perceives the 
other object g, by the wires e and c. The bar e c then marks 
upon the graduated semicircle the number of degrees^ minutes^ 
&c., contained in the proposed angle g a f. 

D 
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60. 

If we wish to make on paper an angle of a certain number 

of degrees, we employ an instrument k, divided into 180 de- 

p- g^ grees, which is called a protrctctor. 

Placing the centre A at the vertex of 
the single, and the line a b upon the 
line AO which is to be one of the 
sides of the angle, we observe and 
mark the point c which corresponds 
~Q to the number of degrees desired in 
the proposed angle ; then through this 
point and the centre a we draw the line ago, giving the 
angle o a o which contains the number of degrees required. 




61. 

Let us suppose now that having taken a base fg upon 
paper, we wish to make upon this base a triangle f g h similar 



Fig. 62. 




Fig. 63. 




to the triangle a b c taken on the land. We employ the semi- 
circle to ascertain the number of degrees in the angles cab, 
c B A, then, by means of the protractor, we make the angles 
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H F G and H G F, respectively, equal to the angles cab and c b a, 
and inasmuch as the point H, where the sides f h and g h meet, 
is necessarily determined hj this operation, as weU as the angle 
F H G, we have the triangle f g h exactly similar to the triangle 



ABC. 



As it is important in practice, as already said, that angles 
should be exactly measured, it is not enough to observe them, 
even with the most perfect instruments : means must be found 
to verify their measure, to correct it, if necessary. There are 
simple and easy methods of doing so. Returning to the tri- 
angle A B c, we feel that the magnitude of the angle c must 
depend on the magnitude 
of the angles A and b, for 
if these angles were in- 
creased or diminished, the 
position of the lines c a, 
b c, would be changed, 
and consequently the angle 
c contained by those lines. 
If then that angle depends 
on the angles a and b, 
we may assume that the 
number of degrees con- 
tained in the angles a and 
b should determine the 
number of degrees con- 
tained in the angle c, and 
this should serve to verify 

the operation performed in determining the angles a and b ; for 
we may be sure that we have correctly measured the angles a 
and B, if, in afterwards measuring the angle c, we find in it the 
number of degrees which it should have relatively to the 
angles a and b. 

d2 
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To find how from the angles A and b we can deter-* 
mine the angle c, let us examine what would happen to this 
angle, if the lines a c, b c, either approached towards, or receded 
from, each other. Let us suppose, for instance, that b c, turning 
round the point b, recedes from a b, approaching b e, it is clear 
that while b c turns, the angle b becomes opened continually, 
and that on the contrary the angle c becomes more and more 
contracted. This at first sight would lead us to assume that 
the diminution of the angle c would equal the augmentation 
of the angle b, and that therefore the sum of the three angles 
ABC would be always the same, whatever might be the incli- 
nation of the lines A b, b c, to the line ae. 

63. 

Now, this assumed inference carries with it its own demon- 
stration, for if we draw i d parallel to a c, we see first that the 
angles A c B and c b d, called alternate angles, are equal : which 



is evident, seeing that as the lines A c and i b are parallel, they 
must be equally inclined to c b o, and therefore the angle i b o 
must equal also the angle acb. But the angle ibo is also 
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equal to the angle c b D, because the line i d cannot be more in- 
clined to c o on the one side than on the other, therefore the 
angle d b c, equal to the angle i b o, is equal to the angle a b c, 
its alternate angla 

61 

We see, in the second place, that the angle c a e is equal to 
the angle d b e because of the parallels c A and d b. Therefore 
the three angles of the triangle could be put side by side with a 
common vertez at the point b, and it is seen that the three 
angles d b e, c b d, and o b a, which are respectively equal to the 
three angles gab, a o b, and c b a, are together equal to two 
right angles (Par. 57). 

As all that has been said applies to any triangle whatever, 
we are assured of this general property, that the sum of the three 
angles of a triangle is constantly the same, and that it is equal to 
that of two right angles, or, what comes to the same thing, to 
180 degrees. 

66. 

Therefore, to. determine the value of the third angle of a 
triangle, when we have measured two> we subtract from 180 
degrees the number of degrees contained in the two angles to- 
gether, a property which gives a very convenient mode of veri- 
fying the measurement of the angles of a triangle, and which 
serves many other purposes, as will be seen in the sequel. 

We may satisfy ourselves here by deducing the more imme- 
diate consequences of this law« 

66. 

A triangle cannot have more than one right angle ; and it 
is still more obvious that it cannot have more than one obtuse 
angle. 

67. 

If one of the three angles of a triangle is a right angle, the 
sum of the two others is always equal to a right angle. 
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These two propositions are so clear that they have no need 
of demonstration. 

68. 

If we prolong one of the sides of the triangle a b c, for in- 
stance, the side a b, the exterior angle c b e alone is equal to the 
two interior opposite angles b c A and gab, together. For if 
to the angle c b a be added either the two angles boa and 
c A b, or the angle obe, the sum remains still equal to 180 
degrees, or to two right angles (Par. 64). 

69. 

Knowing one of the angles of an isosceles triangle a b c, we 

know the two others. Let us have the angle at the vertex a. 

Pig. 60. It is clear that if we subtract 

A the number of degrees contained 

in this angle from 180 degrees, 
which is the sum of the three 
angles of the triangle, half the 
remainder will measui*e each of 
^^ ^^ the angles b and c at the base. 

If one of the two angles b or c at the base were known, the 
double of its value subtracted from 180 degrees would give the 
angle a at the vertex. 

70. 

As an equilateral triangle is only an isosceles triangle, of 
which anyone of the sides may be taken as base, its three 
angles are necessarily equal, and each contains 60 degrees, the 
third part of 180 degrees. 

71. 

Hence is readily deduced the method of describing a hexagon 
or polygon of six sides (promised in Par. 24). 

For, in order to find a line that sets off a sixth part of the 
circumference, such line must be the chord of an arc of 60 
degrees, the sixth part of 360 degrees, or the whole circum- 
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ference. Let ab be this chord drawing the radii ai and 



Fig. 67. 




IB, the angle aib most 
measure 60 degrees ; and, be- 
cause the two sides a i and 
IB are equal, the triangle 
a I B is isosceles. Therefore 
the angle at the vertex being 
60 degrees, each of the two i 
other angles must also mea- 
sure 60 degrees, the half of 
120; so that (Par. 70) the 
triangle A i B is equilateral, 
and therefore a b must equal 
the radius of the circle. 
Hence it follows that, in 
order to describe a hexagon, 
the compass is to be opened 
to an extent equal to the 
radius, and to be set six 

times round the circumference, meeting the six sides of the 
hexagon. ' 

72. 

The hexagon a b c d e f being described, the dodecagon, or 
polygon of 12 sides, can be readily described. 

For this, the arc a k b or the angle a i b is to be divided into 
two equal parts ; when A k, chord of the arc A k b, will be one of 
the sides of the dodecagon. 

73. 

To divide the arc a k b into two equal arcs, A k, and k b, 
demands the same operation as to cut the chord a b into two 
equal parts, that is to say, from the points A and b, as centres, 
and with any radius, describe arcs m l n, o l p ; then, through their 
intersection l, and the centre i, draw the line l i, which divides 
into two equal parts both the arc A k b and the chord A b. 
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74. 

Again by the preceding method dividing the arc a k into 
two equal arcs, the chord of either is the side of a polygon of 
24 sides. In like manner polygons of 48, 96, 192, &c., sides 
can be described. 

76. 

To describe an octagon, that is to say, a polygon of 8 sides, 
we begin by describing a square in a circle — by drawing two 

diameters aib and cie, cat- 
ting each other at right angles, 
and joining their extremities 
by the lines Ac, c b, be, and 

AE. 

For, because of the regu- 
larity of the circle and of the 
equality of the four singles 
formed by the perpendiculars 
AIB and CIE, the four sides 
AC, CB, BE, and.EA are ne- 
cessarily equal and are equally 
inclined to one another, mak- 
ing a figure which can be no other than a square. 

The square being thus described, we can, by the preceding 
method, divide each of the arcs c k b, b l e, <fec., into two equal 
parts, giving the octagon c k b l e m A n. 

By dividing in like manner each of the arcs c k, k b, &c, 
into 2, 4, 8, &c., equal parts, we get polygons of 16, 32, 64, <bc., 
sides. 
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SECOND PAKT. 

OF THE OEOMETRICAL METHOD OF COMPARING 

RECTILINEAL FIGURES. 

In giving attention to what has been said in illustration of 
the discovery of methods of measuring lands, it must have 
been noted that the relative positions of the lines furnished 
matters worthy of attention in themselves, independently of 
the use to which they might be put in practice, and it may be 
presumed that these matters induced the early Geometers to 
push still further their discoveries ; for it is not necessity alone 
that urges research, curiosity is often as strong a. motive for 
prosecuting discovery. 

The progress of geometry must also have been in great 
measure due to natural taste for its rigorous precision, without 
which the mind is never satisfied. 

Moreover, in measuring figures it must have been perceived 
that, in a vast number of cases, scales and protractors gave 
only approximate values of lines and angles, and there has there- 
fore been a desire for methods that might make up for the 
defects of such instruments. 

We shall now resume rectilineal figures, but in our opera- 
tions for discovering their true relations we shall use only the 
rule smd the compass. 

It often happens that it is necessary either to collect, into a 
single figure, several figures similar to it, or to divide one 
figure into other figures of the same kind : this can be done by 
operating at first upon rectangles, since all rectilineal figures 
are only collections of triangles, and every triangle is half of a 
rectangle, having the same height and the same base. 
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1. 

In order to compare rectangles we must learn how to change 
any rectangle into another having the same superficies, but a 
different height, for when two rectangles are changed into two 
others of the same height, they differ only in their bases. The 
greater is that which has the greater base, and it contains the 
smaller in the same manner as its base contains the base of the 
smaller. This is usually enunciated thus: two rectangles 
having the same height are in the same ratio as their bases. 



To add these two rectangles it is only necessary to place one 
by the side of the other. 

3. 

It is not more difficult to cut off the smaller from the 
greater. 

4. 

And to divide a rectangle into a certain number of equal 
rectangles, it is only necessary to divide its base into the 
like number of equal parts, and draw perpendiculars from the 
points of division. 

6. 

Now let it be proposed to change the rectangle a b c d into 

another b f E G, having the same 
area but the height b f. It may 
be remarked that since the area 
is the product of the height by 
the base, the rectangle b f e g, hav- 
ing height greater than b o, must 
have its base smaller than ab, 
that is to say, if b f for instance 
be double of b c, b g can only be 
the half of a b. 



Fig. 68 
E 


■ 


F 


o 


y 

.■■• 


o 


y 

Q 


y 

y 




A 




b 



ELEMENTS OF GEOMETBT. 



43 



If B F were the triple of b c, b g should be only the third of 

AB. 

In like manner if b f, instead of containing b c an exact 
number of times, contained it fractionally, as two and a third 
times, the rectangle b f e g could only be equal to the rectangle 
A B c D if its base B g were not also contained two and a third 
times in the base a b. And generally, it will be readily seen 
that for two rectangles A b c D and b p e g to be equal, the base 
B G of the one must be contained in the base a b of the other, 
as the height b c in the height b f. The problem then comes to 
dividing the line b a in such manner that a b may be to g b as 
bf is to BC. This is done (1st Part, Par. 41) by drawing the 
line F A and a parallel c g through c. 



6. 

To change the rectangle a b c d into another rectangle bfeg, 
having a given height b f, we may employ a method less natural 



Fig. 70. 




than the preceding, but more 
convenient. Having prolonged 
AD till that it meets in i the 
straight line f e i, drawn through 
the point f, parallel to ab, we 
draw the diagonal bi, and through 
the point o to where it cuts the 
side DC, we draw goe parallel ^ 
to F B, then the rectangle bfeg 
will be equal to the rectangle A b c d. 

To prove this, it will suffice to show that on taking from 
the rectangles A b c d and bfeg, the common part o c b g, the 
remaining rectangles a d o g and e o c f are equal. 

Now, on noting the equality of the two triangles i b f and 
IB A, we see that on cutting off from those triangles equal 
quantities, those remainders must be equal. But the triangle 
I A B becomes the rectangle A d o g on cutting off the two tri- 
angles I D o and o G B, and the triangle i b f becomes the rectangle 
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E o c F on cnttmg off the triangles i e o and o b c, equal respec- 
tively to the two former : then the two rectangleis a d o o and 
E o G F, remainders of the two triangles, are equal, as well as the 
rectangles A b c d and b f e o. 

7. 

This second way of changing one rectangle into another 
confirms the principle that underlies the first, and which may 
have seemed to rest only upon a simple inference. From the 
equality of the two rectangles a b c d and b f e g it would be 
concluded that A b must betoBGasBFtoBC, which is proved 
by the preceding paragraph. For the triangles i a b and gob 
being manifestly similar, the base a b of the greater is to the 
base G B of the smaller, as the height i a to the height o G, or as 
B F to B c, their equals. Therefore ABisto gb asBFtoBC, 
conformably to Par. 5, 

8, 

From this manner of proving that from the equality of the 
two rectangles a b c d and b f e g, it follows that the height b f 
is to the height b c as the base A b to the base b c, it may be 
demonstrated also that when four lines b f, b c, a b, and b g, are 
such that the first is to the second as the third to the fourth, 
then the rectangle having for height and base the first and the 
fourth of these lines, is equal to the rectangle having for height 
and base the second and the third. 



9. 

When four quantities, like the preceding lines, b f, b c, A b, 
said B G, are such that the first is to the second, as the third to 
the fourth, these four quantities are said to be in proportion, 
or to form a proportion. Thus 6, 9, 18, and 27 are in propor- 
tion, because 6 is contained in 9 in the same manner that 18 is 
contained in 27. It is the same with 15, 25, 75, and 125, d;c. 
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10. 

The first and fourth of the four quantities of a proportion 
are called extreme termSy or simply extremes ; the second and 
third are named mean terms, or simply means. Employing 
these definitions, the propositions contained in Par. 7 and 8 may 
be enunciated thus : 

11. 

When four quantities are in proportion, the product of the 
extremes is equal to the product of the means. 

12. 

If four quantities be such that the product of the extremes 
is equal to the product of the means, then these four quantities 
are in proportion. 

13. 

Particular attention should be given to the two preceding 
paragraphs, as they are of great use. From them is deduced, 
amongst other things, the demonstration of the rule known in 
arithmetic as the Bule of Three, To give an idea of this rule, 
let us take an example, as the most simple way of making it 
understood. Suppose 24 labourers have done 30 yards of work 
in a certain time, we ask how much 64 labourers will do in the 
same time. 

It is evident that to solve the question we must find a 
number which is to 64 in the same ratio as 30 is to 24. Now, 
following what we have seen, this number must be such that its 
product by 24 shall equal the product of 30 by 64 ; but the 
product of 30 by 64 is 1920 ; therefore the number must be 
such as being multiplied by 24 will give 1920. Now, however 
little idea we may have of arithmetical operations, we should 
easily perceive that this number must be the quotient on the 
division of 1920 by 24, that is to say, 80. 

Generally, to find the fourth term of a proportion of which 
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the three first are given, we take the product of the second 
and third, and divide this product by the first term of tiie 
proportion. 

14. 

An example so simple as that chosen does not perhaps 
make the necessity of the preceding method sufficiently felt. 
Common sense alone might have enabled the required number 
to be found. Seeing that 30 exceeds 24 by a quarter, and that 
accordingly the number sought should exceed 64 by a quarter, 
we get 80. But there are cases where one might have to search 
for a long time for the relation of the two first numbers of the 
proportion. 

For example, a fourth proportional is required to the three 
numbers, 259, 407, and 483. 

In order to find it by the preceding method, it is necessary 
to multiply 483 by 407, and to divide 196,581, which is the 
product, by 259 ; this gives 759 for the fourth term sought. 

If we took other means of finding this term, we could only 
do it by trial. We might have discovered, for example, that 
148, the excess of 407 above 259, contains four of the seventh 
parts of 259 ; that, accordingly, we must add to 483 the number 
276, which contains four of its seventh parts. But the gene- 
rality and certainty of the preceding method always saves us 
from the trouble of making trials which would even in many 
cases prove fruitless. 

16. 

The addition of two squares can be effected in the same 
manner as that of two rectangles, since the squares are rect- 
angles having their height and the base equal. We should 
change one of the squares, the smaller for instance, into a 
rectangle having for its height the side of the greater square, 
and the two squares will .then make one rectangle. We might 
in like manner give the height of the smaller square to both, 
or a smaller square at will ; but we could not but desire, when 
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we have to reduce two squares to a single figure, some method 
of making one square equal to two others, a problem of which 
the following is an eaefy solution. 



16. 

Let us suppose in the first place that the two squares a b c d 
and c B F E, which it is desired to convert into a single square, 
are equal. It is readily seen that by 
drawing the diagonals AC and of, the 
triangles A B c and o B f are together equal 
to one square^ then transferring below af 
the two other triangles DC A and c E f, we 
form the square A c F o, of which the side 
A c is the diagonal of the square a b c d 
and the area of which equals that of the 
two proposed squares; this needs not 
to be demonstrated. 




17. 

Let us suppose now that we wish to make a square equal to 
the sum of two unequal squares ADcd and c f e/, or, what 
comes to the same thing, that Fig. 72. 

we propose to change the fi- 
gure AD F 'E/d into a square. 

Following the spirit of the 
preceding method, we ask if it 
is not possible to find in the 
line D F some point h, such, 

1. That drawing the lines 
A H and H E, and causing the 
triangles adh and efh to 
turn round the points a and e, 
until they have the positions Adh and e/A these two triangles 
shall meet in A ; 
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2. That the four sides ah, hb, eA and hiL, shall be equal 
and perpendicular to each other. 

Now this point h will be found by tna-Ving d h equal to the 
side CF or Ef ; for in consequence of the supposed equality 
between d h and c f, it follows first that if a d h be made to 
turn round its angle A, so as to take the position A d h, the 
point H having reached h, will be at a distance from the point 
c, h c, equal to D F. From the like supposed equality between 
D H and c F it follows also that H F is equal to d c, and thus 
when the triangle e f h is turned round e to the position e fh, 
the point h must reach the same point A at a distance from c 
equal to D F. 

Thus the figure a d f e/(2 being changed into a figure of 
four sides a h e A, it only remains to be seen if the four sides of 
this figure are equal and perpendicular to one another. 

The equality of the four sides is manifest, since a h and h e 
are the same as a h and h e, and the equality of the two latter 
results from the fact that d h being equal to c F or to F e, the 
two triangles a d h and h e f are equal and similar. 

It only now remains to be seen if the sides of the figure 
A H E A are at right angles. This is obvious by observing that 
while HAD turns round A, to reach A A (2, the side h a must 
make the same movement as the side a d. Thus as the side a d 
must turn through a right angle Dad ix) become A d, the side 
A H must also turn through a right angle to become A h. 

As to the other angles h, e, and h, they are obviously right 
angles ; for it is impossible that a figure bounded by four equal 
sides should have one right angle, without the three other 
angles being also right angles. 

18. 

On observing that the two squares kDcd and cfe/ are 
made the one upon a d, the medium side of the triangle a d h, 
the other upon e f, equal to d h, the smallest side of the same 
triangle a d h ; and that the square a h e A equal to the two 
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others is described upon the'greatest side ah, which is commonly 
called the hypothenuse of the right-angled triangle, we readily 
discover that famous property of right-angled triangles that the 
square of the hypothenuse is oqual to the sum of the squares 
on the two other sides. 

19. 

If, then, of two squares, h d l k and a b c d, we desired to make 
one only, it would be useless to put them at the side of each 
other and to analyse them as in paragraph 17 ; it is enough to 

Fig. 75. 



Fig. 73. 






place their sides a d and d h so that they may make a right 
angle and to draw the line a h, which will be the side of the 
square desired a h i e. 

20. 

If there are two similar figures d a f g m and d h p o n, and it 
is desired to construct a third equal in area to the two others 
taken together, it is only necessary to put the bases a d and h d 
of these figures upon the two sides of a right angle A D h, and 
the hypothenuse a h of the triangle a d H will be the base of the 
figure required. 

In order to see the reason of this, let us imagine the squares 
A B c D and D H K L and a h i e made upon the bases of the three 
similar figures, then we see, in the first place, by Par. 18, that 

E 
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the one square ahie is equal to the two other squares abgd 
and D H K L. Now, as similar figures are to each other as the 
squares of their homologous sides (1st Part, Par. 47), the three 
squares abgd, dhkl, and ahie, must he like parts of the 
filgures DAFQM, DHPON, and a h Q b s. 

From this it is readily seen that the figure A H Q B s is equal 





to the two others. Let us suppose, for instance, each of these 
squares to he half of the figure in which it is enclosed, no one 
would douht that the figure a h q b s must he equal to the two 
others, since its half is equal to the halves of the two figures 
DHPON and D A F G M. It would he the same if the squares 
ABGD, DHKL, and AHIE, wcro the two-thirds, three-quarters, 
&c., of the figures dafom, dhpon, and a h q b s. 



21. 

If it were proposed to add together three, four, (&c., similar 
figures, or what comes to the same, three, four, &c., squares, the 
method would remain the same. Let it he desired, for instance, 
to add three, we should first make a square equal to the two first, 
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then, to this new square we should add the third, and thus we 
should have one square equal to the three given squares. 

22. 

Hence it follows that if a square were to be made five, six^ 
&c., times another, it would suffice to follow the preceding 
method in order to solve this problem ; and even its inverse, 
that is to say to make a square, which should be only the fifth, 
the sixth, <&c., part of a given square ; for this it is only neces- 
sary to recall the method of finding a fourth proportional to three 
given lines. In the third Part of this work will be given a 
method more direct and more convenient for solving problems 
of this kind. 

23. 

The addition of similar figures furnishes a decisive proof of 
the necessity to abandon scales when operations have to be per- 
formed in a manner capable of rigorous demonstration. 

Let us suppose, for example, that we had to make one 
square double another; those who did not know the method given 
in Par. 16 would probably proceed in the following manner. 

They would divide the side of the given square into a great 
number of parts, 100 for example, then multiplying 100 by 100, 
they would find 10,000 as the value of the square, which would 
give 20,000 for that of the double square. But from the value 
of this square, they could not deduce the method of describing 
it, they would require to have its side expressed by a number, 
and this number such, that in multiplying it by itself, that is to 
say squaring it, the product should be 20,000. 

But it would be vain to seek this required number upon a 
scale having parts the hundredths of the side of the first square, 
for 141, multipHed by itself, gives 19,881, and 142 gives 20,164; 
both differing (the one less and the other greater) from the 
square of the required number. 

Perhaps they would think that on dividing the side of the 
given square into more than 100 parts, they might find a cer- 

B 2 
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tain number of these parts for the side of the square to be 
double of the first, but whatever attempts they might make, they 
would find that they sought in vain for two numbers, one of 
which can express the side, or, using the ordinary terms, the 
root of the square, and the other, the side or the root of the 
double square. 

24. 

Indeed it is demonstrated in arithmetic that if two numbers 
are not multiples of each other, that is to say if the one does 
not contain the other an exact number of times, the square of 
the greater cannot be a multiple of the square of the less. 
Thus, 5, for instance, which cannot be divided exactly by 4, 
has for its square 25, which cannot be divided by 16, the square 
of 4. 

If then we square two numbers of which one is greater 
than the other, but less than its double, there results from this 
operation two other numbers, of which the one will be less 
than the quadruple of the other, but neither be its double nor 
its triple. 

If we divide then the side of a square into any number of 
parts we please, the side of the double square which, according 
to the demonstration of Par. 16, is the diagonal of this square, 
cannot contain an exact number of such parts, this is expressed 
in the language of geometers by saying that the side of the 
square and its diagonal are in^sommensurables. 

25. 

It may be remarked further that there are many other lines 

which have no common measure. For, when we write the two 

series 

1, 2, 3, 4, 5, 6, 7, 8, 9, &c 

1, 4, 9, 16, 25, 36, 49, 64, 81, &c. 

the first expressing the natural numbers and the other their 
squares, one sees that as the numbers between 4 and 9, between 
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9 and 16, between 16 and 25, &c., cannot have a root, the sides 
of two squares of which the one is either triple, or quintuple, or 
sextuple, <&c., of the other, must be incommensurable. 

26. 

From the fact that many lines are incommensurable with 
others, perhaps some suspicion might arise as to the exactitude 
of the propositions that have been used to prove the prc^r- 
tionality of similar figures. In comparing such figures (1st 
Part, Par. 34 and following), they have always been supposed 
to have a scale that could be equally applied to measure all 
their parts, a supposition which as it now seems should be 
limited on account of what has been said as to incommen- 
surables. We must therefore turn back to examine whether our 
propositions to be true do not require certain modifications. 

27. 

« 

Returning in the first place to what was said in Par. 39 of 
the First Part, let us see if it be exactly true that triangles such 

Fig. 79. Fig. 80. 

c 





as a 5 c and a b c, of which the angles are equal, have their sides 
proportional. Supposing, for example, that the base of the first 
being a 5, that of the second is a line a b equal to the diagonal 
of a square of which a 5 is the side, let us see, if, on this suppo- 
sition, the ratio of a c to a c is the same as that of a b to a 5. 
Although, according to what we have seen, however great may 
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be tlie number of parts that might be taken arbitrarily in, ah, 
AB could never contain an exact number of these 'parts, it is 
obvious nevertheless that the greater this number, the nearer 
does A B approach, being measured exactly by parts of ah. If 
a 5 be divided in 100 parts, A b will contain between 141 and 142 
of these parts (Par. 23). Taking 141 as sufficiently near and 
neglecting the small remainder, it is dear (1st Part, Par. 39) 
that AG will likewise contain 141 of the parts of ac. Suppose 
now that a 5 is divided into 1000 parts; then ab will contain 
between 1414 and 1415 of these parts. Taking only 1414 and 
neglecting the remainder, we shall find that AC contains 1414 
of the thousandths parts of ac, and that, generally, AO will 
contain as many parts of a c with a remainder, as a b contains 
of parts of a 5 with a remainder. 

Further, these remainders, as we must have remarked, are 
in each case the smaller the greater the number of parts taken 
in a 5, they may therefore be neglected when the division of a 5 
is supposed to be carried to infinity : in that case it can be truly 
said that the number of parts of a c contained in A c equals the 
number of parts of a 5 contained in a b, and that accordingly 
AcistoacasABtoa5. 

Thus we have rigorously demonstrated that when two 
triangles have equal angles, they have their sides proportional, 
whether those sides have a common measure or not. The 
proposition (1st Part, Par. 45) from which is deduced the 
proportionaUty of corresponding lines in similar figures gene- 
rally is capable of the same proof. 

28. 

By like reasoning we see that the propositions explained in 
Pars. 44 and 47, of the ^t'irst Part, showing that the areas of tri- 
angles and of similar figures are proportional to the squares of 
their homologous sides, are generally true, even when the sides 
of these figures are incommensurable. 

Let us take, for example, the similar triangles abc, a5c, 
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their heights being supposed to be incommensurable with their 
bases. In this case there can be no square, however small, for 
a common measure of those triangles and of the squares made 
upon their bases, that is to saj : the areas abc and abde are 
incommensurable, as well as the areas a b o and abde; but it is 
no less true that the triangle A b c is to the square a b d e as the 
triangle a 5 c to the square a b d*6. 

Of this, we may be assured by observing that the smaller the 
parts of the scale used in measuring a b and k c are supposed 
to be, the more nearly do we approximate numbers expressing 
the relation ofABCtoABDE: therefore, by constantly subdivid- 
ing the scale of the triangle a 5 c, and n^lecting the remainders, 
the same numbers will always express the ratio of the triangle 
A B c to the square abde, and that of the triangle abcUy the 
square abde. Imagining the subdivision of the scale to be 
carried to iilfinity, the remainders will become absolutely nily 
and the whole numbers which then express the relation of the 
triangle abc to the square abde, express also the relation of 
the triangle A B c to the sqiiare abde. Thus the triangle abc 
is to the square abde as the triangle A b c to the square abde. 
The same applies to all similar figures. 



THIRD PAET. 

OF THE MEASUREMENT AND PROPERTIES OF 
CIRCULAR FIGURES. 



Having acquired means of measaiing all kinds of rectUineat 
figvirea, geometeni have desired to obtain methods of deter 
minin g tbose that are bounded by curved lines. Xiands, and 
generally spaces that are to be measured, are not always bounded 
by straight lines. 

Frequently curvilineal figures and mixed figures, that is to 
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Bay, those which are bounded partly by straight and partly by 
curved lines, can be reduced to figures wholly rectilineal, as 
already stated ; for if a figure such as abcbefo had to be 
measured, the side ad might be teken to be a collection of two, 
three, &&., stmght lines. Substituting then the straight line 
FD for the carve rSD, we should have the rectilineal figure 
ACBorG, differing so little from the mixed figure that the one 
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might be taken for the other without sensible error. Such 
figures could be dealt with by the preceding methods. But 
geometers would not be content with such operations : they 
desire only those that are rigorous. 

Besides, there are cases where the transformation of a curvi- 
lineal figure, or of a mixed figure, into a figure wholly rectilineal, 
would require the division of its outline into a number of parts 
so great that the common method would then become impracti- 
cable. Nor would anyone be tempted to follow it in measuring a 
space such as z or the entire circle x : some other way would have 
to be taken for measuring spaces of that kind. We shall here 
discuss only those the outlines of which contain circular arcs. 



1. 



Suppose, first, that we have to measure the area of the circle 
X. It will be observed that, by inscribing in it a regular poly- 
gon B c D E, &c., the greater the number of sides this polygon 
has, the more nearly does it approach to Fig^ 84. 

the circle. We have seen that the area ^^^--rr™.,^^^^ 

of a polygon (1st Part, Par. 22) is equal to /^ y^ >. 
as many times the product of its side b c / \ 

by the half of its apothegm a h, as the | a '| 

polygon has sides, or, what comes to the y 
same thing, that this area has for its \ 
measure the product of the. entire cir- X^^ j' 
cumferenoe bgde, &c., by half the apo- ^ 

thegm : therefore, since by carrying to infinity the number of 
the sides of the polygon, its area, its circumference, and its 
apothegm shall respectively equal the area, the circumference, 
and the radius of the circle, the measure of the circle is the 
product of its circumference by half its radius. 
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2. 

It follows that the area of a circle b c d is equal to that of a 

Fig. 85. 




triangle A b l, of which the height is the radius A b, and the base 
a straight line b l, equal to the circumference. 

3. 

It becomes a question then only of having the radius and 
the circumference. As to the radius, its measurement is easy : 
not so with the circumference. Yet to obtain its measure, a 
thread can be wound round the circle, which, in many cases, is 
near enough for practice. But up to this time no one has 
succeeded in geometrically measuring the circumference of a 
circle, that is to say, in determining exactly the ratio that it has 
to the radius. This ratio can be found to hundred-thousandths, 
or to miUionths, and can be approximated as nearly as desired, 
yet without being capable of being determined rigorously. 

4. 

The simplest approximation yet discovered is that ascribed 
to Archimedes. The diameter being divided into 7 parts, the 
circumference contains of these parts between 21 and 22, but 
much mote nearly 22 than 21. 

5. 

It is obvious, however, that if the ratio of any one circum- 
ference to its radius were known, we should know that of all 
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other (drcumferenoeB to their radii, for this ratio should be the 
same in all circles. This proposition appears so simple that it 
needs no demonstration, since it is at once perceived that what- 
ever operations are performed in measuring one circumference, 
using parts of its radius, the same operations would have to be 
performed in measuring any other circumference, which would 
necessarily contain the same number of parts of its radius. 



6. 

Circles have evidently the same general property as all simi- 
lar figures (1st Part, Par. 47) ; that is to say, their areas are in 
the same proportion as the squares of their homologous sides, 
but as, in applying this proposition to circles, we cannot take 

Fig. 86. 




Fig. 87. 




their sides, we must use their radii : then it is seen that circles 
have their areas proportional to the squares of their radii. If 
it should not appear at first sight that this proposition follows 
what is said in Par. 47 of the First Part, and if a special demon- 
stration of it should be desired, it is enough to consider that it 
is the same thing to compare the areas of two circles b c d and 
E F G, as to compare those of the triangles a b l and a e m, which 
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are respectively equal to them (Par. 2), their bases b l and e m 
being sapposed to be the developments of the circnmferences 
BCD and £ F o, and their heights being the radii a b and a e. 
Now, by the preceding article, these triangles are similar: there- 
fore their areas are in the same proportion as the squares of 
their homologous sides a b and a e, the radii of the circles b c d 
and E F G. 

7. 

Circles, because of their similarity, have also, Hke similar 
figures, this property that if, taking the three sides of a right- 
angled triangle for radii, we described three circles, that having 
for its radius the hypothenuse will equal the two others taken 
together. 

Accordingly, a circle can always be found equal to two given 
circles without taking the trouble to measure each of these 
circles. Let it be desired, for instance, to make a basin to con- 
tain as much water as two others, the depth being the same ; or 
to find iiie size of a fountain by which will issue as much water 
as issues by two given pipes, this can be readily done by adopt- 
ing the method just indicated. 

8. 

^ If we had to measure the area of a ring v, a figure contain- 
ed between two concentric circles e f g and BCD, that is to say. 



Fig. 88. 




between two circles which have the same centre, it would first 
suggest itself to measure separately the areas of the two circles, 
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and to subtract the smaller from the larger. But it is easy to 
discover that the problem can be solved in a way more con- 
venient in practice. Imagine a triangle A B l having the radius 
A B for its height, the base being a straight line equal to the 
circumference b c d . Drawing through the point e a straight line 
E M parallel to b l, this line will equal the circumference e f o ; 
for, the triangles a e m and a b l being similar, there is the same 
proportion between a b and b l as between a e and e m. Now 
by the supposition, b l is equal to the circumference of which 
A B is the radius, therefore, e m is also equal to the circumfer- 
ence having for its radius the line a e, part of a b. The same 
applies to every other Une k i parallel to b l which would mea- 
sure the circumference of which a k is the radius. 

From this equality of the circumference e f a to the line e h 
follows necessarily the equality of the triangle a e m to the circle 
efg ; therefore the rectilineal figure eblm isequal to the ring v. 
This figure eblm can be easily changed into a rectangle e b p h 
by cutting m l into two equal parts m i, and i l, and ditiwing 
through the point i the perpendicular hip, which gives the 
added triangle m h i, equal to the deducted triangle ? l i. Draw- 
ing through the point i, i k parallel to b l, as it wiU cut eb into 
two equal parts, the proposed ring which is equal to the figure 
EBLM or EBP H, will havc for its measure the product of E b 
by K I the circumference of which a k is the radius. Therefore, 
in order to measure a ring v, we multiply its width by the cir- 
cumference K o Q, which is called the mecm between the circum 
ference b c d and e f o, because it exceeds the smaller circum- 
ference E f o, or the line e m by a quantity m h, equal to ? l, the 
quantity by which it is exceeded by the greater circumference 
b c D or the line b l. 

9. 

When we have to measure a figure t, composed of arcs of 
different circles and straight lines, or a figure z, wholly com- 
posed of circular arcs, the whole difficulty reduces itself to the 
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measurement of segments of circles, that ie, of siich spaces as 
A B c E, bounded by an arc ABC, and a chord a c ; for figures 
entirely composed of circular arcs, or of arcs and straight lines. 




may all be oontddered to "be rectilineal figures, increased or 
diminished by certain segments. 

10. 

The measurement of a s^ment abce is easy when we 
know that of the circle ; for on drawing the lines a t and o t to 
the centre T of the arc, we form a figure a b c t, called a tector, 
of which the area is to that of the circle as the arc a b o is to 
the entire circumference, and which, consequently, is measured 
by the product of half the radius a t by the arc A b c. The 
sector b^g thus determined, it is only necessary to subtract 
&om it the triangle a c t to have the s^ment abce. 



11. 

As it often happens that in measuring a figure such as t, 
the centre of the arc h i k is unknown, and yet without this 
centre the figure cannot be measured, since the preceding 
method requires the radius to be known, it is necessary to find 
means of ascertaining the centre of any circular arc. 

Let A BC be Uie given arc Taking at will two points a 
and B upon this arc and from the points, as centres, describing 
the four arcs g o i,/o ft, Ip k, and mp n, the two first with any 
radius, and the two othen either with the same or any other 
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radius, it is clear that the required centre of the arc a b c must 
be upon the line op^ joining the points of intersection o and p. 
Choosing then a third point c upon the arc abc, and 

Fig. 92. Fig. 93. 





making use of b and of c in the same way as a and b were 
used, we get a straight line q r, upon which also the required 
centre must be : therefore this centre must be the point of inter- 
section T of the lines op and q r. 



Fig. 94. 



12. 

Thus, however three points be 
arranged, provided they are not in 
one straight line, they can always be /'' 
connected by an arc of a circle, or, / 
what comes to the same, whatever j'l 
he the proportion of the sides a c and \ 
B c of a triangle A c b to its base, a \ 
circle can always be circumscribed '^\^ 
about that triangle. 

13. 

The method just given of circumscribing a circle about a 
triangle being applied successively to different angles abc, 
aeb, and agb, more or less high in relation to their base 
A b, it is seen that in passing from a triangle agb, having 
a very acute angle at the vertex, to other triangles aeb 
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and AGS, having greater angles, the centre of the drcnmscribed 
circle continually approaches nearer to ab, and this centre 
passes afterwards to the under side of a b, when the angle at 
the vertex a o b has attained a certain magnitude. Now, seeing 
this centre pass below a b after having seen it above, should, it 
seems, suggest an inquiry as to what kind of triangle a f b it is 
that has the centre of the circumscribed circle exactly upon a b. 
In ascertaining this triangle a f b we notice, in the first 
place, that in this particular case, the portion of the circle cir- 



Fig. 96. 



Fig. 96. 
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Fig. 97. 





cumscribed about the triangle must be exactly a half-circle. 
Indeed, as the centre of the circle is to be upon the base a b, of 
which the extremities are, by supposition, on the circumference, 
the centre m must necessarily be situated precisely at the middle- 
of A B in order that A b may be a diameter. We then see that 
whatever be the point f of the half circle from which are 
drawn the lines f a, and f b, the angle a f b must be a right 
angle ; for joining f m the two triangles a f m and m f b are 
isosceles triangles : therefore the two angles a f m and m f b are 
respectively equal to the angles f a m and f b m, and consequently 
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the total angle a f b equals the sum of the two angles f a m and 
F B H ; but as the three angles a f b, f a h, and f b h, taken 
together amount to two right angles, the angle a f b must be 
a right angle. 

Accordingly, if upon the base A b any right-angled triangle 
whatever be described, this triangle will have the required pro- 
perty of being inscribed in a circle of ir hich the centre is upon 
the base. 

14. 

This property of the circle, that the angle in the half- 
drcumference subtended by the diameter is always a right angle, 
leads us to inquire if the other parts of the circle have some 
analogous property ; if, for instance, the angles a c b, a e b, and 





A F B, taken in a segment A c e f b, be not all equal as those in 
the semicircle are. 

To make sure of this, we may begin by ascertaining the value 
of one of these angles, and we can afterwards see if the others 
are of the same value. We take, for example, the angle ae b, 
the vertex e of which is at the middle of the arc a e b. As the 
line EDO, which passes through the centre d, cuts this angle 
into two equal parts, it is sufficient to measure the half-angle 
AEG, or, what comes to the same thing, it suffices to learn what 
part the angle A e g is of an angle already measured, such as 
A D G. The angle a d a is, as we know, already measured by the 
arc AG (1st Fart, Far. 52). 
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Noticing that the triangle A e d is isosoeles, we readily see 
that the angle a e a is half the angle A d g ; for the angles A e d 
and E AD (1st Part, Par. 31) are equal. But (1st Part, Par. 67) 
these two angles, taken together, equal the exterior angle A d g ; 
therefore the angle AEDorAEois half the angle A d g. 

For the same reason, the angle d e b, is half the angle q d b : 
therefore the whole angle A e b is half of the angle a d b, and its 
measure is consequently half of the arc AG b. 

15. 

The angle a e b being measured, in order to ascertain if it is 
equal to each of the other angles in the same segment, we must 
examine if some one of these angles, A f b, for instance, is also half 
of the angle at the centre a d b. This is readily seen by drawing 
the line f d g through the centre, for then it is obvious that the 





angle a f b is composed of two others, A f d and d f b, which, by 
the preceding paragraphs, are the halves of the angles a d g and 
g D b; whence we conclude that the whole angle a f b is half of 
the angle A d b ; and on applying the same reasoning to all the 
angles a c b, A e b, and a f b, in the same arc a g b, we can show 
that these angles are equal to each other, as was presumed in 
the preceding paragraphs. 

16. 

Among the different angles in the arc aoefb, there are 
some which might at first sight appear not to be included in the 
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preceding demonstration : these are angles like A F b such aa 
the line fdg, drawn through the centre, passes ontside of 



Fig. 102. 



the angle a d b. But ohserving still that 
the angle o f a is half the angle g d A^ 
half the angle gd b, and the angle d F B, 
we see that the angle a f b, the excess 
of the angle d f b above the angle d f A, 



is, in this case, half the angle abb I . " 



which is the excess of the angle gdb 
above QD A. 



17. 
From the jQgures which we have employed, it would seem 




that the preceding demonstration ap- 
plies only to segments larger than a 
semicircle; but it is easy to see that 
any angle, such as A f b in a segment 
smaller than a semicircle, always con- 
sists of two others, dfb and dfa, 
halves of the angles BDoandADo; 
and consequently that this angle A f b 
is measured by the half of the two 
arcs B G and a g, that is to say, the 
half of the arc a g b. 



Bg. 103. 




18. 

Having seen that in the same segment the angles a eb, 
A F B, and a h B, at the circumference, are all equal, we are in- 
duced to inquire what the angle a q b becomes when its vertex 
ooincidee with the point b, the extremity of the base a b. 
Would this angle then vanish ) It appears not possible that, 
without being gradually diminished, it should at once come to 
nothing. We cannot indicate the point beyond which this 
angle would cease to exist ; how then could it be determined ? 
This is a difficulty that cannot be solved without having 

f2 
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recourse to the Geometry of the Infinite, of which ererjone has 
at least an imperfect idea which needs only to be dereloped. 

Let us observe in the first place that as the point e 
approaches b, taking snccesaiyely the positions f, h,'q, &c.y the 
line E B becomes continually shorter, and that the angle e b a, 
which it makes with the line a b, becomes greater and greater. 
But, however short the line q b may become, the angle q b a 
is not the less an angle, since, to render it visible, it needs only 
to prolong the shortened line Q b towards e. 

Should it be the same when the line Q b, in consequence of 
its diminution, is reduced at last to nothing 9 What is then its 

position 1 What is its prolongation! 
It is obvious that it is nothing but the 
line B s, which touches the circle in 
one point only b, without meeting it 
in any other part, and which, for this 
reason, is called the tangent. 

Further, it is obvious that whilst 
the line e b continually diminishes 
until it becomes nothing at last, the 
line AE, which becomes successively 
A F, A H and A Q, &c., approaches always 
to A B, and at last coincides with it : 
then the angle at the circumference a e b, after having become 
A F B, A H B and A Q B, bocomcs at last the angle a b s, con- 
tained by the chord a b and the tangent b s ; and this angle, 
which is called the cmgle in the segment^ should still retain the 
property of having for its measure the half of the arc a g B. 

Although this demonstration may be perhaps a little 
abstract for beginners, it has been thought right to give it^ 
because it will be very useful for those who may desire to cany 
their studies on to the Creometry of the Infinite to be accustomed 
early to considerations of this kind. If, meanwhile, beginners 
should find this demonstration beyond their powers, it is easy 
to put it within their reach to discover another by explaining 
to them the chief property of tangents. 
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19. 

This property is that a tangent to a circle in any point b is 
perpendicular to the diameter i d b which passes through this 
point, for as the curvature of the circle jijg jq^^ 

is so uniform that any diameter divides 
it in two half-circles, i a b and i o b, equal 
and equally situated with respect to this 
diameter, the two parts bs and bh of 
i^e tangent common to these two half- 
circles must likewise be equally situated 
with respect to this diameter. This 
can only be so when i d b is perpendicu- 
lar to the tangent h b s. 

80. 

This will readily show why the angle in the segment a b s 
has for its measure half the arc A g b. 

For the angle A d b, together with the two equal angles dab 
and DBA, makes (Ist Fart, Far. 64) two right angles ; there- 
fore, half the angle a d b, together with the angle DBA, makes 
one right angle. But the angle d b a added to the angle A b s 
makes also a right angle ; therefore the angle a b s, is half of 
the angle a d b, and consequently the measure of a b s is half of 
the arc A a b. 

21. 

The second demonstration just given of this property of the 
circle, that the angle a b s is measured by half the arc A g B> 
furnishes the solution of the following problem. 

To describe upon A b a segment of circle to contain a given 
angle l, that is to say, a segment a f b in which all the angles 
A F B at the circumference shall be equal to the angle h. 

To solve this problem we make at a and at b angles b A s and 
A B s, each equal to the angle l, and erect from A s and b s the 
two perpendiculars a d and b d. Their intersection D will be 
the centre of the required arc A f b. 
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For, by Par. 19, the UneBBsandAS are tangents to the 

oircle of which the centre in D, and the radios a d or b d, since 

B D or A D are perpendicalara reapectiTely to b a and to a s. 

Further, hy the preceding paragraph, the angle A b 8 has for its 

Fig. 106, Pig. lOT, 




e the half of a o b, and, hy Par. 16, angles ench as A f b 
are also measured by the half of a o b, tlierefore these angles 
AfB are equal to abs, that is to aay, to the angle l, as was 
required. 



The discovery of the propertiee of circular se^pnents ttiat 
we have jost ei^lained was probably due to the m^« curiosity 




\; but with this diacovery it has been, as with many 
others : what was not at Grit believed to be useful became so 
afterwards. In practice many happy implications have been 
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made of the properties of the circle that we have just demon- 
strated. A single case may be given in the solution of the 
following problem which is often necessary in geography. 

A, B, and c, are three places of which the respective distances 
A B, B c, and A c, are known, the question is to ascertain at what 
distances from these places is a point d, whence the three places 
can be seen, but are inaccessible for operations on the land. 
Drawing on paper three points, a, 6, and c, situated in relation 
to one another similarly to the three points a, b, and c, that is 
to say, in geometrical language, let us make the triangle abc 
similar to the triangle abc. 

Having then observed with the semicircle the magnitude 
of the angles a d b and b d c, we draw upon a 6 a segment of a 
circle adbU} contain the angle a d b, and upon 6 c we draw a 
segment bdciio contain the angle b d a The intersection d of 
these two s^ments indicates on the paper the position of the 
place D, that is to say, the lines da^db, and dc, bear the same 
proportion to abybcy and a c, as the distances sought da, d b, 
and DC, bear to the given distances ab, bc, and AC, which 
needs not to be demonstrated after what has been already seen 
as to similar figures. 

23. 

It might be readily shown that practice has derived much 





aid in other respects from the properties of the circle which we 
have demonstrated, but it is better to pass to other properties 



72 ELEMENTS OF GEOMETBT. 

of the circle which have been deduced from the preceding ajid 
which have also had their uses. 

To proceed regularly to the disoorery of these properties, let us 
first observe that any two angles E d c and e b c, on the same arc 
£ c, being equal, the triangles d a e and bag have equal angles, 
that is to say (1st Part, Par. 39), these triangles are similar. 

For, by the same reason that the angle e d o is equal to 
the angle ebc, the angle deb is equal to the angle dcb, 
and the angles d a e and bag are obviously equal, «ither be- 
cause they are contained by the same lines^ or because two tri- 
angles, of which the one has two angles respectively equal to 
two angles of the other, have also necessarily their third angles 
equal (1st Part, Par. 38). 

In order to recognise more easily in the triangles a d e and 
ABC the general properties of similar triangles, we may apply 
the triangle d a e to triangle b a c by putting a d upon A b, and 
A £ tipon A c, so that d e is parallel to b c. We then remember — 

1. That if two triangles A d e and A b g are similar, the four 
sides A c, A E, A B, and a d are proportional (1st Part, Par. 39). 

2. That in every proportion the product of the extremes is 
equal to the product of the means (2nd Part, Par. 8), and we thence 
conclude, that the rectangle or the product a g by a d is equal to the 
rectangle of a e by a b, a very remarkable property of the circle, 
which may be thus enunciated : if in a circle be drawn any 
two straight lines cutting each other, the product of the two parts 
of the one is equal to the product of the two parts of the other. 

24. 

^g- 112. If the two straight lines be and 

DC cut each other perpendicularly, 
and if one of these be a diameter 
D G, the two parts a b and a e, of the 
other line be, are manifestly equal, 
so that the former property would in 
this particular case be thus stated : if 
upon the diameter d g of a circle any 
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perpendicular a b be erected, the square of that perpendicular 
is equal to the rectangle of a d by a c. 

25. 

It often happens that a rectangle has to be changed into a 
square: the preceding para- 
graph furnishes a ready means 
of doing so. ^ 

Let A c F E be the rectangle 
proposed, prolong a c to d, so 
that A D may be equal to a e, 
and describe the semicircle 
DBC on the diameter dg. 
Prolonging then the side ea 
till it meets the semicircle, 
A B is the side of the required 
square a b g h, equal to the given rectangle a c f e. 







Fig. 113. 
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26. 

A problem is often proposed which is only that which has 
just been solved presented in another form, namely, to Bud a 
line which shall be a mean proportional between two given lines. 
By a mean proportional is understood the line which is as much 
greater relatively to the smaller of the two given lines, as it is 
smaller relatively to the greater, that is to say if a b, for in- 
stance, is a mean proportional between a d and a c, we can say 
that ADistoABasABistoAC. It is easy to see that this 
problem is the same as the preceding, since (2nd Fart, Par. 8) 
the product of A d by a c, that is to say the rectangle of these 
two lines, must be equal to the product of A b by a b, that is to 
say to the square of a b. Thus when a mean proportional be- 
tween two given lines is to be found, we have only to change 
the rectangle of these two lines into a square of which the side 
will be the line required. 
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27. 

A mean proportional between two lines can also be found in 
another way, which follows from the property of the circle ex- 
plained in Far. 13. Let A c be -the greater of two given lines, 
and AD the less, we draw db perpendicular to AC, and the 
point By where it meets the semicircle a b c, drawn upon a c as 
Fig. 114. diameter, gives the line ab, a mean 

^ proportional between A d and a c. For 

joining BC it is obvious that the 
triangle abc has a right angle at B, 
therefore (1st Fart, Far. 38) that tri- 
angle is similar to the triangle A b d, 
since these two triangles have also the common angle a, but if 
the triangles adb and abc are similar, they have their sides 
proportional, therefore ad is to ab as ABtoAc: thus a B is 
a mean proportional between a d and a c. 

28. 

In changing any rectilineal figure whatever into a square, it 
is only necessary, in order to bring this problem under Far. 25, 
to change this figure into a rectangle, which it is easy to do, be- 
cause rectilineal figures are only collections of triangles, every 
triangle is the half of a rectangle on the same base, having the 
same height, and all the rectangles resulting from the triangles 
can be collected into one by giving them all the same height 
(2nd Fart, Far. 6), 

29. 

Figures of which the outlines contain arcs of circles can also 
be changed into squares, when the length of the arcs of which 
they consist have been practically measured ; for these figures, 
like rectilineal figures, can be changed into rectangles, as pointed 
out in Fars. 9 and 10, which teach how to measure aU kinds of 
circular figures. 
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30. 

From the property of the circle, explained in Par. 24, is de- 
duced an easy method of making a square which shall be to a 
given square in a given ratio, a problem promised in Par. 22 
of this Second Part. 

Suppose, for instance, that a square is to 
be drawn which shall be to the square a b o d 
as the line m to the line n. We divide (1st 
Part, Par. 41) the side c b, at the point e, in 
such manner that c b is to b e as the line n to 
the line m, and, drawing e f parallel to a b, 
then, as the rectangle a b e f will have the 
same area as the square required, it remains 
only to change the rectangle into a square. 

31. 

If it wero desired to make a polygon h i k l m, which should 
have to a similar polygon abode the ratio of the Une x to the 
line T, we may commence by making upon the side A b of the 
given polygon abode, the square a b g f, then finding another 
square H i o Q which is to the square a b g f as the line x to the 

Rg. 116. Fig. 117. 
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line T ; then we describe upon the side h i of this square a polygon 
HiKLM similar to the first A bode, and this new polygon will 
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be that required. The reason of this is obvious, on recalling, 1st 
Part, Par. 48, that similar figures are to one another as the 
squares of their homologous sides. 

32. 

If we desired to make a circle of which the area should be 
to that of a given circle as x to t, we should construct a square 
which should be to the square of the radius of the given circle 
as X to T, and the side of this new square would be the radius 
of the square required. 



Fig. 118. 



83. 

Another property of the circle is deduced from that which 
has furnished the preceding problems. 

If from a point a, taken outside of a circle, two straight lines, 

ABC and ADE, are drawn, 
each cutting the circumference 
in two points, and if the 
straight lines c d and B e are 
drawn, the triangles A c d and 
A e B are similar, since the angle 
A is common to both, and they 
have also the angles at the 
circumference c and e equal. 
Now, from the similarity of 
the triangles a c d and a e b, it 
follows that the four lines A b, 
AD, A e, and A c are in proportion, and, consequently, that the 
rectangle of the two lines A b and a c is equal to the rectangle 
of the two lines a d and a e, which may be expressed thus : if 
from any point whatever a, taken outside of a circle, any two 
straight lines A c and a e be drawn to cut the circle, the rec- 
tangle of the one line a c by its exterior part a b is equal to the 
rectangle of the other line A e by its exterior part ad. 
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34. 



When the line drawn from the point a, instead of cutting 
the circle, merely touches it, as a f, the preceding property is thus 
changed : the square of a tangent A F is equal to the rectangle of 
any secant A e by its exterior part a d. This it is easy to demon- 
strate ; for, regarding the line a f which touches the circle as a 
line which cuts it at two points infinitely near each other, the 
lines A B and a c become then the one line a f, and instead of 
the rectangle of a b by a c, we have the square of a f. 

35. 

The proposition demonstrated in the preceding paragraph , 
while it teaches us the value of the square of the tangent a f, 

Fig. 119. 



does not teach us how to draw this tangent from the given 
point A. 

To draw it, we must remember (Par. 19) that the radius f g 
is perpendicular to the tangent fa. Accordingly, we have 
only to find upon the given circle the point f so that the angle 
A F G may be a right angle ; then, by describing upon a g a 
semicircle, the point where it cuts the circle f k o is (Par. 13) 
the required point f. 



FOURTH PAET. 

OF TEE MEASUREMENT OF SOLIDS ANB THEIR 
SURFACES. 



The principles eetablialied in tlie three first Parte of tiiia work 

might suffice for the solution of problems much more difficult 

Fig. 120. 
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than those &bout to be proposed, but it is more in the order 
previoualf followed to pass now to the measurement of solids. 
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that is to say, of bodies of limited extent, which have at onoe three 
dimensioiis, length, breadth, and thickness. This inquiry has 
doubtless been one of the first objects to &x: the attention of 
geometers. It may have been desired to asceortain, for example, 
how much masonry there was in a wall of which the height 
AD, the breadth ab, and the depth bg were known. It may 
have been proposed to determine the quantity of water con- 
tained in a trench or reservoir such as a b c d ; or to find the 
solidity of a tower, an obelisk, a house or a steeple, &c 

In treating of figures which have three dimensions, in the 
same manner as we have treated those which have two dimen- 
sions only, we will begin by examining the solids which are 
bounded by planes. We need not discuss methods of measuring 
the surfaces of such bodies; they can be only assemblages of 
rectilineal figures, and consequently their measurement depends 
on what has been said in the First Part. 

1. 

In measuring the solidity of bodies, it is natural to bring 
them all into relation with the most simple solid, as in measur- 
ing surfaces they have been all related to th^ square, f^, 222. 

Now, the simplest soKd is the cube, which in 
reality is among solids what the square is among sur- 
faces; that is to say, it is a space such as abcde/gh, 
of which the length, breadth, and depth are equal, 
or, what comes to the same thing, it is a figure 
bounded by six equal &oes which are squares. 

The aide of the cvhe is the side of the square which forms 
its faces. 

By a cubic foot is understood a cube of which the side is a 
foot ; in like manner, a cubic inch is a cube of which the side is 
an inch, &c. 

2. 

The solids that have generally to be measured are figures 
such asABCDEFGH, bounded by six rectangular &ces, abcd. 
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CBaF,CFSl>, DRBA, QPEH, and ABOH, These solids are 
called paa-aUelopipedt, because their opposite feces, preserv- 
ing everywhere the same distance from each other, are called 
Bg. 123. 
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parallels, jnut as lines are also named parallels, when they pre- 
serve al'irays the same distance. 



Kow, in proposing to measure solids of this kind, the analogy 
<tf this problem to that of measuring rectangular surfaces gives 
a ready means of solving it. In the first place, measuring 
separately the length a d, the width k b and the depth b o of the 
proposed figure either in feet or in inches, Ac,, we multiply by 
one another the three numbers found, and the product of this 
multiplication will express how many cubic feet or cubic inches 
the parallelopiped contains, according as the dimenaious are 
measured in feet or inches. The better to show how this opera- 
tion is performed, we may take the following example. 

Let the length a s be 6 feet, the width a b 6 feet, and the 
depth B G 4 feet, then the rectangle A B c D (IstPart, Far. 11) will 
contain 6 times 5 or 30 square feet. If we imagine tbrai that 
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the lines bo, of, d e, and A h, which all equally measure the 
depth of the solid, are divided each into four equal parts, and 
that through the corresponding points of division are drawn as 
many planes parallel to each other^ those planes will divide the 
proposed parallelopiped into four other parallelopipeds, each one 
fuot in depth and all equal and similar. 

Now, simple inspection of the figure shows that the first of 
these parallelopipeds contains 30 cubic feet, since its exterior 
face A B c D contained 30 square feet ; therefore the whole solid 
abcdefgh will contain 4 times 30, or 120 cubic feet. 



4. 

We shall not stop to explain the different means that can be 
used in practice for constructing parallelopipeds, because these 
means are, for the most part, so easy to find that no one could 
fail to devise them. But we may give the following mode of 
forming the parallelopiped, which it is more useful to consider 
than any of the others. 

If we conceive that a square or rectangle A b g h is moved 
parallel to itself in such a way that its four angles a, b, g, and h, 
traverse each of the four lines A d, b c, o f, and he, perpendicu- 
lars to the plane of the rectangle a boh, that rectangle 
by the. movement now described, will form the parallelopiped 
abcdefgh. 

6. 

It is hardly necessary to state that by a line perpendicular 
to a plane we understand a line which does not incline towards 
any side of that plane ; and, in like manner, a plane which does 
not incline more to one side than to another upon a second 
plane is said to be perpendicular to that second plane. These 
two definitions are analogous to that given of a line perpen- 
dicular to another line. 



G 
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It f<^wB from this that the line ab, irluch ia pKpendicuI&r 
Eg. 124. **> *^o plane x, mnat be perpendicntar to 

every line a c, A d, a £, (tc., in that plane 
drawn &oiu the foot a of the perpendi' 
cular; for it is obvious that if it in- 
clined towards any one of these linee, 
it would be inclined towards some part 
of the plane, therefore it would not be 
perpendicular to it. 




In order to represent clearly to the mind how the line a b can 
be perpendicular to all the Unee which extend from its extremity 
A, a £gare may be made in relief in the following manner. 

Making in some flat flexible substance, like cardboard, a rect- 
angle F o D E divided into two equal parts by the line a b, perpen- 



Fig. 125. 



Fig. 133. 



: 

E A 




dicular to the ddea ed and fo, we can fold that rectangle 
along the line A B, and place it so folded upon the plane x. 
It is obvious that, however much or Uttle the two parts 
FBAE andoBAD of the folded rectangle E A D o B p may 1« 
opened apart, those two parts will always be in contact with the 
plane X, without the line A b changing its position, relatively to 
that plane. This line a b is therefore perpendicular to all the 
lines drawn in the plane x, from ite foot, since the ddea a E and 
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A D of Hie folded rectangle can be applied sncceedTelf to eacli of 
these lioes, by tbe mavement jnst described. 



From the preceding oonstaiction ia derived a convenient 
practical method of raising from a given point npon a plane a 
line perpendicular to that plane, ^. jj- 

or for letting fall from a point 
onteide of a plane a line per- 
pendicnlor to that plane. If the 
giv^i point IB in the plane, at 
A, for example, or outside of the 
plane as at h, the rectangle 
E p B G D A can be moved along t 
the plane X, till the fold A b touches the given point ; and 
A B will become in either case the perpendicular required. 



It follows also that the line a b is perpendicular to the 
plane z when it is perpendicular to two lines A E and a d on 
that plane ; for then a b may be r^prded as the fold of the 
rectangle of which one of the folded rides ia coincident with 
A s, and the other with A d, and the fold could not foil to be 
perpendicvdar to the plane x. 



10. 

If it were desired to raise npon any Une e l a plane perpen- 
dicular to the plane x in which that line is, the folded rectangle 
GBFEAD can be still used, for it ia only necessary to put upon 
the line k l the ride a d of one of the parta a d o b of the foMett 
rectangle, and the plane of that part A D G b will be that which 
is required. 

a 2 
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It is readily seen that if a third plime T be placed upon the 
two Bides E B and b a of the folded rectangle, that plane t would 
Fig. 128. ^^ ^ perpendicnlarto the line a b, 

and ootiaequentl; parallel to the 
plane X. 

Therefore, if to a plane x be 
raised three perpendicnlan e f, a b, 
and D a, of equal length, which are 
not on the same straight line, the 
plane T, which passes through the 
three points f, b, and a, will be ne- 
ceesarily parallel to the plane X. 




To do this, we apply o 

Fig 129 



12. 
When two plasee are not parallels, it is easy to ascertain the 
angle which they make with one another by means of the folded 
rectangle. 

e of two parte a b a d of that rectr 
angle upon the plane X, and it is 
g evident that E ad, oritaequal Fbo, 
i will measure the inclination of the 
plane babf to the planeDABO. 
Observing that a b is the common 
section of these planes, and that K A 
and A D are each perpendicular to 
A B, we deduce the following rule : 
Two planes which are not parallel 
bemg given, it is neceaury first to find the straight line 
which is their common section ; afterwards, from any point 
in that line, to draw two perpendiculars each in one of the two 
planes, and the fuigle contained between these two perpen- 
diculars measures the angle which the two given planes malte 
with each other. 
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13. 



During the movement of A b f e round the fold a fi, the line 
AE the end e of which describes a circular arc, e d obviously re- 
mains always in a plane e a h d perpendicular to the plane x, 
and the inclination of the line e a to the plane x is precisely 
the angle e a d. Hence it is readily seen that the inclination 
of any straight line E A to the plane x is measured by the angle 
E A H, contained between that line and the line a d, which passes 
through A and through that point h of the plane x, which is the 
intersection of a perpendicular e h, let £Etll upon the plane from 
any point £ on the line A e. 

14. 

The mere inspection of the figure employed in the preceding 
paragraphs furnishes a new method of letting fJEiU from a point 
E, outside the plane x, a line e h, perpendicular to that plane. 

Having drawn any line b a s in the plane x, we draw from 
the given point e, a perpendicular e A to that line. Then from 
the point a, where that perpendicular falls, we draw in the plane 
X the line a d perpendicular to a b, and from the given point e 
drawing e h perpendicular to a d, that line is perpendicular to 
the plane x. 

16. 

Hence also is deduced a second way of raising M n perpen- 
dicular to a plane x, from a point m on that plane. 

Having drawn a perpendicular e h, from any point e, out- 
side the plane x, we draw through the given point m a straight 
line H N, parallel to h e, and it will also be perpendicular to the 
plane x. 



■LBHENTS or OBOlflTBT. 



After Uie parallelopiped, the most 
timple solid is the right prism. It is 
a fignre abcdefohiklh hav- 
ing for its two opposite bases two equal 
<J polygons, BO placed that the sides g F, 
rE, &c., of the one are parallel to the 
ddes BC, CD, &;.,(^ the other, the other 
foces being rectang lee A B o H, B a F c, &C. 



17. 

Geometers suppose theee figures formed like the parsllelo- 
piped, hy a base a bgdlx moving parallel to itself, with its 
angles A, B, iJEc., following the lines perpendicular to the plane 
of the base. 

18. 

The different kinds of right prisms are diBtingiiished b; the 
named of the figures which constitute their basee. The hexa- 
gonal prism, fca- instance, is that having.for its hose a hexagon. 

19. 

In finding means of measuring all kinds of right prisms, it 
is to be observed first that of two right prisma having equal bases, 
that which has the greater height is greater in solidity in propor- 
tion as its hdght is greater. 




It is farther to be observed that two right prisms which have 
the same hdgbt, but of which the one has a base containing a 
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certain namber of timea the base of the other, -would be in the 
same proportion as their basee. The tntth of this propomtioa 
ia resdily perceived on conaidering the formation of the 
priame explained in pu^graph 17. Let a& cd efghiklm and 
ABCDEFOHiKLx be two priams which have the game height, 
Eind let the hue a^ecjimof the lees he, for insUnce, one .quarter 
of thebaseof the greater A BCD LH. Seeing that the two prisms 
Fig. 131. Fig. 182. 




areprodueedbythe movementBofthesetwobaaee, it follows that 
any plane whatever, parallel to the planee of the two bases, will 
cat in the two prisms two polygons of which each will be equal 
to the base of the prism in which it is cot, that is to say, that 
the section of the large prism will be always four times that 
of the small prism : ther^ore the prism abcuefghielu 
may be regarded as composed of slices all quadruples of those 
of the prism ahcd tfg hih I'm ; and consequently the solidity 
of the firat prism will be quadruple that of the second. 



After these two remarks it is not difficult to fonn the fbllow • 
ing rule for measuring all right prisms. 

Meaanre first in square feet, or in square inches, ^, the 
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taeti <tf tbe base of the proposed prism, then multiply this 
area by the number of feet or inches, tie., contained in the 
height of the prism, and ^e product -will give the number of 
cubic feet or cubic inches &e., contained in the proposed prism, 
Till be, conseqnently, ite measnre. 




The name prism is applied to solids 
which have two bases equal polygons like 
the preceding, but of which the other 
faces are parallelc^rams instead of being 
rectangles. Such prisms are distinguished 
from those already described by the name 
oblique prUma, in opposition to those 
named right prisms. 




An oblique prism is conceived to be 
formed by a base abcki which moves 
parallel to itself, its angles fblloinng pa- 
rallel lines ag, bh, ed, kc; rising from 
the plane of the base, but not perpendicu- 
larly to it. 



The analogy existing between this formation and that 
of right prisms (mentioned in Far. 16) suggests meana of 
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solidity of oblique prisma ; for if we imagine 
at the ade of an oblique pAsm ahcde/ghiku right prism 
ABODBFOHiK having the same base, snd both prisms included 
between two parallel planes, we see that the solidity of theee 
two bodiee is absolately tihe same. 

For, if through any point p of the height a plane is drawn 
psnJlel to the ba^e, the sections N o p Q K and n op 9 r, formed by 
Fig. 13S. Pig. 136. 





this plane in each of the two prismB, may be regarded as the 
equalbaeeeABCKi aada6cJ:«arrivedatROPQBandnop9r 
in the course of the movemtut which forms these two prisms, 
and these two sections are therefore equal polygons. Now if 
all imaginable slices that can be formed in these two prisms by 
like cutting planes are equal, the total of these slices, that is 
to say, the 'whole prions, must necessarily be equaL 

This proposition is usuf^y thus stated ; — Oblique prisms are 
equal to right prisms having the same base and the same height. 
The hdgbt of a prism is the perpendicular let fall &om the 
uppermost plane to the lowest plane, or upon its extension, 

25. 

As paralleloptpeda are in the class of prisms, what has been 
said as to prisms applies also to oblique parallelopipeds, that is 
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to say, to figures abe de/g h prodnced by moving & aqoare, a 

rectangle, or even a parallelogram in anch a mamm that its 

ibnr angles follow parallel lines nmng oI)liqaely &om the base. 

Accordingly, tlie oblique parallelopiped abed e/g h is equal 



Fig. 187. 



Fig. 138. 




to the right paraHeloinped ABCDEFGHifthe base abgkis 
the same, or has the same area, as tiie base A B a h, and if the 
perpendicular letiall from the planet^ e/e upon tlie plane a 6^ A 
is equal to the perpendicular let fall &om tbe plane d c f £ upon 
the plane a b g h. 



Having discussed parallelopipeds and prisms, we will now 
examine pyramids, that is to say, such bodies as abcdbfg. 



Fig. 139. 




enclosed by a certcun number of triangles 
which have all a common vertex a, and 
which terminate at any base b c n b f a. It 
is necessoiy to consider solids of this kind, 
not only because they are met with in build- 
ings and in other structures, but because 
all solids bounded by planes are assem- 
blages of pyramids, as rectilineal figures 

are assemblages of triangles. 

To .be assured of this, we need only draw trom a point taken 

where we please, in the interior of the proposed body, lines to 

all the angles of the bo^. 

27. 
Pyramids like prisma are distinguished by the names of the 

figures which form their bases. 
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Wban the Iiase of tlie pyramid is a r^^ar figare, and its 
apex IB perpendicolarl]' above the centre a of its base, as in 
figure 139, the pyramid is then called a riylu pyramid; it is 
named on the other hand an oblique pyramid, when the apes is 
not perpendicularly above the centre of the base, as in figure 
140. 

29. 

In ascertaining a method of measuring all kinds of pyramids, 
whether right or oblique, we may b^in by making a few 
general observations on these figures, suggested by a knowledge 
of the properties of prisms. 

Noticing the equality of prisms which have the same base 
and the same height, we naturally recall the &ct that paraUdo- 
graniB are also equal when they have these same conditions, and 
it is also the same with triangles. When these three truths 
are at once presented to the ound, analogy would indicate that 
the properties which are common to parallelogntuia and tri- 
an^QB, may be also common to prisms and pyramids, we may 
therefore conjeotore that pyramids which have the same base 
and the same height have the same solidity. 

30. 

The following reflections wUl confirm this conjecture. 
Fg. lU. Fig. Ml. 





bede \>6 two pjrramids of which the 
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heights AH and ah em ibe Bame, and of which the bases are 
two eqiml figuree, for instance two equal squares bcsb and 
bcde : if these two pyrantide are considered to be cut hj an 
infinite nmnbei- of planea parallel to their bases, it is readily 
seen that these slices of pyramids will give the equal squares 
I K L K, and iklm, and consequently the two p3rramid8 may be 
regarded as assemblages of a like number of slices of which 
Fig. 142. Fig. 143. 





those that correspond in the two pyramids are equal It will 
therefore be concluded that the total of the shcee is in each 
case the same, that is to say, that two pyramids have the same 
solidity. 

If the bases of the two pyramids were other r^ular poly- 
gons or irregular polygons B C D E f and bede/, equal to each 
other, all the slices i k l h n and iklmn(^ these two pyramids 
must still be considered equal respectively, and h«ice it must 
be concluded that pyramids have always the same solidity when 
they have equal bases and heights. 



All this is easily concdved after the demonstration that has 
been given of the equality of prisms which have the same height ; 
yet the similarity of any section i k l u n of a pyramid to the 
base B c D B E F, and the equality of the sections i s l v m and 
iklmnare among propositions which, though generally obvious, 
may certainly demand demonstration. 
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To find this demonstnitioii we must give Bome conBideratdon 
to queetioim as to the Himilarity of solid figures. 

32. 

Suppoemg th« pyramid a B c D e f cut by & plane i k l u k 
peiallel to the base, we have to prove that the section of the 
pyramid formed by this plaue is a polygon perfectly similar to 
the polygon b c n e r, and that the pyramid a i k l m n is iteelf 
»milar to the pyramid a b c d e f, that ia to say, that the angles 
formed by all the lines of these two figures are respectively 
equal, and that all the sides of the small pyramid hare the 
same proportions as those of the Wger. 



We observe in the first place that if two planes x and t are 
parallels, and if any twO' lines A L D and pjg, 144^ 

A » E, extending from the same point a, 
cut these two planes, the straight lines L u 
and DEJoining the points of intersection 
L, H, V, and E, are parallel. For if these 
two lines were not parallel, they would 
meet somewhere, when prolonged ; but if 
they should so meet the planes in which 
they ta« situated, and out of which they 
cannot pass, however much prolonged, ^ 
would also meet and could not tiierefore be parallel as supposed. 

34. 

If then the plane t K lu n be supposed parallel to the plane 
BCDE'F, it follows that all the linemTL, l k, K 1, in, andNU, are 
parallel to the hnes ed,b c, C b, b f, and f E.and consequently that 
the triangles, a l h, a e l, a i k, itc, are similar to the triangles 
ADE, ACD, \sc,£cc. If we takeone of the sideeof these triangles, 
a h, for instance, as a scale, or common measure of all the sides 
of the smaller pyramid, whilst the corresponding side a E serves 
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as a scale for the odea of the larger pyramid, it is at ance Been 
Fig. 145. that the aidee ml, l k, k i, dsa, of the 

jA polygon I K 1. u M, are proportional to the 
aides b d, d c, c B, &c., of the polygon 

# B D B F. 

>^r.. J^ It is also obvious that all the angles 

^S f. "^ W^ IKI^ KLM, Ac., must be respectively 
^*' ' m equal to the angles, b c d, and c d e, since 

- ™ the fonUer are contained by lined respec- 

tively paraUeJ to those containing the 
latter. The two polygons i k l m h and 
c D E p ate therefore similar. 



Again as the aides a H , A i^ a k, &c, are proportional to the 
ddeaA E,AD, AC, kc, and the angles al h, al k, Ac., are respec- 
tively equal to the angles a n e, a d c, >fec., because of the simi- 
larity of the triangles alh, ade, alk, adc, &a., the two 
pyramids aiklhm, and abode f, are similar in all respects. 

36. 

Finally, if from the point a a perpendicular A H be drawn 
to the plane of the polygon b c D B F, and if q be the point where 
this perpendicular cuts the plane of the polygon i k l A n, it is 
obvious that the lines A Q, and a e, the heights of the two 
pyramids a i s l h n, and a b c D E P, respectively, hare the same 
ratiotooneanotheraa the corresponding sides, AH, ab, al, ad, 
&c., or what comes to the some, that if the heights aq, and ab, 
be taken for the scales of two pyramida, the ddes ah, a l, 
&c., contain as many parts, of A Q, as the aides ab, ad, (be, con- 
tain parts of A H. 

37. 

Considering now the two pyramids A B c n E F and ahcdef 
together, we see that thetwo sections i k lkn, ij:/nin, being. 
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respectirely similar to Uie bases BC d ev and bede/, irhiohare 
like, will also be like. These two sections must also be equal, 
since the scales of these two figured are the equal Unes A <}, and 
Fig. 148. Fig. IJT. 





a;, tbeh^htfiof the pyraioids AiKLU iriJmn res- 

pectively. 

Tbos, witbont knowing what is the actual solidity of pyra- 
raids, we know certainly that if they hare the same height and 
the same base they are equal, as we had conjectured (Far. 29). 



If the bases of two pjrramids, instead of being the same, 
were merely equal in area, the pyramids wonld still be equal in 




^ 



solidity. For let abede/axiiarathe two pyramids which 
have tiie same height ah; i£ these two pyramids were cut by 
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any plane parallel to the base, it is evident that there is the same 
relation between the area iklmny and the area h cdef as 
between the area uxy and the arear«^, since iklmn and 
bed e/being (Par. 34) similar figures, they differ only (1st Part, 
Par. 48) in their scales aqfah, &c., and the figures uxy and 
rat being also similar, they differ only in their scales, which 
are still the lines a q and a h. 

But if the bases rat and hcdef are equal in area, their 
proportional parts %uxy and iklmn must be equal : therefore 
all the slices of two pyramids arat and abed 6/ must have 
the same extent, and consequently their totals, that is to say, 
the pyramids themselves^ are equal in solidity. 

39. 

If the base bcdefc^ the first pyramid contained the base 
ratdi, certain number of times, the solidity of the first pyramid 
abcdef must contain the same number of times the solidity of 
the second arat. 

For in this case, the base bcdef being divided into several 
parts, each equal to the base rat, the pyramid abcdef might be 
conceived to be composed of several other pyramids having for 
their bases the parts of bed ef. Now each of these new pyra- 
mids would be equal to the second pyramid arat, ba proved in 
the preceding Paragraph : therefore, &c. If the base rat were 
not exactly contained in the base bcdef, but if these two bases 
had a common measure x, each of the two bases bcdef and rat 
might be divided into parts each equal to x, and then the two 
pyramids abcdef and arat would be composed of as many 
new pyramids, all equal to each other, as the number of parts x, 
contained in their respective bases. 

Therefore the pyramids abed efand arat are to one another 
as their bases. 

If the bases were incommensurable, it would be seen, not- 
withstanding, that the pyramids would be in the ratio of their 
bases, by reasoning similar to that employed in the like case 



ELKUBNT3 OF GBOMETBt. S7 

(find Part, Par, 28) of comparing figures having thrar ridee in- 
commenanrable; that iato say, the measnrex might be infinitely 
diminished, so that it might be treated aa a common measure of 
the base retaa well as of the base bcdef. 



Having ascertained that pyramids which have the same 
height, have the same ratio as their bases, we should feel that 
the measurement of their solidity should present little diffi- 
culty. For we have only to learn how to measure a single 
pyramid in order to measure all others. Let us auppose, for 
example, that we knew how to measure the pyramid a B C S e. 
Fig. 160. Fig. Ifil. 





and that we were required to measure the pyramid a 8 T T x y, 
which has neither the same height nor the same base as the 
former : we should begin by making a pyramid similar to the 
pyramid abode, but having the height of thepyramidASTVXY, 
which could be easily done, for it would suffice (Par. 35) to pro- 
long the sides ab, ac, ad, and ae, and to cut them by the 
plane l k n o, at a distance A a from the apex a equal to the 
height A o. 

This done, since by the supposition, we can measure the 
pyramid a b c D E, it is obvious that we can also measure the pyra- 
mid A L H N o, which is similar to it, foi- whatever be the opera, 
tions in measuring a B c d E, we can employ the same operations 
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in measuring the eimilar pyramid a l h n o, taking care to em- 
ploy a different scale for the latter. 

Supposing then that the pyramid a l h k o is measured, its 
measure will determine also that of tlie proposed pyramid 
A s T V X y, for, by the preceding paragraph, these two pynunids 
are to eacji other as their bases lmno and stvxy, and we 
hnve been tanght in the second part to find the ratio of these 
two bases. 

41. 

Since then it la only necessary to know how to measure a 
single pyramid in order to know how to measure all other 
imaginable pyramids, let us take a very simple case, forming a 
pyramid by drawing from the four angles a, b, c, and e, of one 

Fig. 162. 

B 



^. 



/___ 



of the faces of a cube abcdefoh, four lines to the point o, 
t'jc centre of that cube, that is to say, the point equally distant 
from A, D, B, E, etc. It is readily seen that this pyramid is the 
^th part of the cube, sinco the cube could be cat into six 
similar pyramids, taking each face for a base. Sow, the solidity 
of the cube is the product of the height a f by the base a b c b : 
therefore, to have the solidity of the pyramid, we divide tba 
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product of A 7 by A B c H, into six equal parts, or, what cornea 
to the same, we multiply the sixth part of the height a r by the 
base A B c H, and as the sixth part of the height a f is the third 
part of th« height o l of the pyramid o a b c h, seeing that its 
height o L is half the aide of the cube, it follows that the 
measure of the pyramid o a b c h is the product of one third of 
its height by its base. 



Let HA suppose now that we have to measure any pyramid 
whatever, o k m n s t v. We can conceive a cube of which the 
side A B or A F is double the height l of the proposed pyramid, 




A. 



and we can conceive in this cube a pyramid a b c h having 
its apex at the centre, and having for its base one of the iaces 
A B c H of the cube. This new pyranud will have the same 
height as the former, and consequently (Par. 39) the solidity of 
o A BCH will be to that ofoKiiHSTV as the base a bch to 
the base s h n b t v. Now, by the preceding paragraph, the pro- 
duct of one third of the common height o l by the base a b c h 
ia the solidity of thepyramidoABCH; therefore, the product of 
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one third of the euune common height OL by the base kumstV 
Till be the eolidity of the propoeed pyramid o k H k s t v. 

Aod thus is ascertained the general theorem that a pyramid 
has for its measore the product of its base by one third of ita 
height. ' 

43. 

As we have seen (Par. 21) that the solidity of a prism is 
the product of its base by its height, it la clear, by the preced- 
ing paragraph, that a pyramid is always one third of a prism 
having same base and the some height. 

44. 

Having measured all solids bounded by planes, we proceed 
to find one way for the measurement of solids having curved 
surfaces. And as we have treated in the third Part only of 
figures having circular outlines, we shall now examine only 
solid bodies of which the curvatures are circular. 

In the examination of these bodies we shall have two 
objects, t<he measurement of their surfaces and that of their 
solidities; for these surfaces being, either whoUy curved, or 
partly plane and partly curved, we cannot refer their measure- 
ment to the first Part, as we have done with bodies bounded by 
planes. 

45. 

The simplest of all curved solids is the cylinder. It is a body 
Fig. 166. Fig. 16S. 
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like A B c 1) E F, of which the two faosee a b c aud d E f are two 
circles, equal and parallel. Joined by a curred Burface which may 
be conceived to be a plane folded round their drcamferences. 

When the two drclee are so placed th&t the centre a of the 
first is perpendicularly aboye the centre H, of the second, the 
cylinder is named a right ej/Hndar. . 

The (^linder ia on the other hand called ohHgue when the 
line drawn through the two centres O and h is inclined to the 
planea a b c and d e f. 



The geometrical formation of theee Bolids, analogous to that 
of prisms and parallelopipeds (noticed in Far, 17), consists in 
moving a circle parallel to itself, in such a way that all its 
points deecribe parallel straight lines rising above the plane of 
that drele. 

47. 



Fig. isr. 



We arrive, in the foUowing manner, at the n 
tiie surfiace of a right cylinder, which 
ia often necessary in practice. 

The two drcnmfereucee a b c and d E f 
being divided each into the same number 
of equal parts, the points of division of 
the one being perpendicularly above those 
of the other, let us draw straight lines 
to join the corresponding angles of the 
two regular polygons presented by this 
operation. It ia obvious that we then ' 
have a prism tiie sur&ce of which will e 

oonsist of as many rectangles as there are sides formed by 
the division of each of the circumferences Abc and d e p. 
Now, all these rectangles having the same height a d, their 
total measure will be the product of the height ad, by the 
sum <^ all the bases, that is to say, by the outline of the enclosed 
polygon inscribed in the circU DBF or abc. 
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But^since in proportion as the number of the sides of this 
polygon is increased, the outline of the polygon approaches moi-e 
nearly to the circumference of the circle, and the surface of the 
prism approaches to coincidence with that of the cylinder, it 
follows that if the number of sides of the polygon be conceived 
infinite, the prism will in no way differ from the cylinder. The 
curved surface of a right cylinder is therefore equal to a rect- 
angle of which the height is A d, and the base a line equal to 
circumference d e f. 

This proposition enables us to find, for instance, how much 
stuff would be required for covering a cylindrical pillar or for 
lining the interior of a round tower. 

48. 

As to the surface of an oblique cylinder, it cannot be measured 
in the same way, because, instead of rectangles, we should have 
parallelograms of different heights. It is only by methods very 
complex and difficult that even the approximate value of such 
surfaces has been ascertained, and problems of this kind are not 
within the scope of these Elements. 

49. 

The solidity of cylinders, whether right or oblique^ can be 
readily found ; for it is evident that all that has been said as 
to prisms applies equally to cylinders, if cylinders are conceived 
to be the ultimate prisms that can be inscribed in them. 

Accordingly, cylinders having the same base and the same 
height are equal in solidity. 

50. 

And the solidity of any cylinder is the product of its base 
by its height. 

61. 

The cone is the most simple curved solid after the cylinder ; 
it 13 a figure like abode, of which the base is a circle 
and of which the surface is composed of an infinitude of 
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straight linm, drawn from the <£rcuinfereiice of the base and 
Fig. 168. Fig. 159. 





. cone A B c D E, 1 



meeting at the apex. This solid may be r^arded as a pyramid 
having a circle for its base. 

5ft. 
If, as in figure 158, the point or apex a of the cone is 
perpendicularly above the centre o of the base, the cone is named 
a T^ht eone ; and it is called oblique, if the apex be not perpen- 
dicularly above tiie centre of the base, as in figure 159. 



63. 
In order to measure the eur&ce of a righ 
may regard it as the ultimate pyrainid 
that can be inscribed in it, that is to say, we 
may divide the tircumference of its base 
B c D E as we did with the circumference of 
the cylinder, into an inlinity of small sides, 
and, drawing lines from all the angles of this 
polygon to the apex a, we should find the 
<\>nical surface to be an assemblage of small 
iiwsceleB triangles, of which the height is 
equal to the side A B of the cone, and the 
sum of the bases of which is equal to the 
(^ircumfe^ence B c D E ; hence it is readily seen 




that the measure 
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of that Burface is found by mnltipljmg the half of a b by the 
circumference bc d e. 

M. 

Remembering now that the area of a eector of circle is (3rd 
Part, Far. 10) the product of the arc of the sector by half the 
radius, we see that, in order to cover the right cone abcdg 

Pig. 161. Fig. 182. 




vith a flexible surface, such as paper, ia:., it would be necessary 
to take a sector of a circle A i. b of which Hie radius ia equal to 
A B, and of which the arc is equal to the circumference n c d E. 



When the cone is oblique, it is very difficult to ascertain the 
measm-e of its surface, like that of the oblique cylinder, even 
approximately, and this problem is bejrond the scope of these 



06. 

With respect to the solidity of a cone, either right or oblique, 
it may be r^^arded as the ultimate pyramid that can be inscribed 
in it, and it may consequently be treated generally as a pyramid. 
Accordingly, cones that hare the same base and same height 
are equal 
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And the solidity of any cone is tiie product of its base by 
one tbird of its height. 

08. 

SometiineB it is reqoired to measure a body like bcdefgh, 
which is called a truncated cone, or t\i%jTii»tttm of a cone : it in 
the part which lemains of a cone a p o h, when a smaller cone 
Fig. 1S3. Fig. 164. 



ABODE has been cnt from it, hy a section parallel to the base 
FO H. It is obvious that the measure of such a solid is the 
difference between the solidities of tihe two cones, abode, and 

APOH. 

59. 

The Borface of a truncated cone, formed hy the cutting of 
a right coD^ may be found more simply than l:^ measurtng 
separately the sur&ces of the two conee, and deducting the one 
from &e other. The following method may be employed, which 
can be readily understood after what has been said (Par. 5i). 

Let A L B be the sector that it would be necessary to con- 
struct in order to coTer the cone afoh. Describing from the 
centre a, and with radius a h equal to a b an arc h f, the space 
II p B L is evidently a portion of a ring suited to cover the snr- 
&ce of the truncated cone. If, now, the two circumferencee of 
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which M p »nd L B are similar arcs be completed, there is a 
complete ring of which the measure (3rd Part, Par. 8) is the 
product of H L, equal to b f, by the dreumferenoe of which a n 
is the radius, n bebg the middle of m l. Therefore the portaon 




of ring H F fi L, or the surface of the truncated cone b c d e f g h, 
which is its eqvial, is measoied by multiplying m l by the arc 
N q, or, what comes to the same thing, by multiplying b f by the 
circumference i k l of the section of the solid proposed, formed 
by a plane parallel to the base, passing through the middle i of 
the eide B F. 



The last of the solid bodies of which we* shall treat is named 
a sphere or globe : it is that the surface of which is at every 
point equally distant &om one point which is in the centre. 
The surface of this figure has often to be measured. It may be 
required to ascertun, for example, how mnch gilding is neces- 
sary for a ball, how many sheets of lead are required for the 
covering of a dome, &c. 



61. 

Let X be the sphere the surface of which is to be measured. 
This solid can obviously be conceived to be produced by the re- 
volution of a Bemi-drcle a h b round ite diameter a b. 
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Supposing first that, instead of the semi-circle we had a re- 
gular polygon of an infinite number of small sides, or, if pre- 
ferred, of a very great nnmber of aidea, let us propose to measure 
onlj the surface z produced by the revolution of that polygon. 
Fig 187 Fig. 168. 




It will then be easy to pass from the measurement of that 
surface to the measurement of the surface of the sphere, as we 
paatted from the measurement of rectiimeel figures to that of 
the circle. 



To measure the surface of the solid s 
Kg. 169. 



let us 



the 




small part o£ that surface produced by a single side h m of the 
iuscribed polygon while it turns roimd the diameter a b. It is 
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obvious that tliis side Mm describes in tbat movement the 
Bur&oe of a truncated cone y ; for prolonging the line m m till 
it meets in t the diameter or axis of revolution a b, if that 
line TM 971 were to turn in the same time as the semi-circle 
A M B, it would obviously describe a right cone, having the apex T, 
and for its base the cii*cle described hj the point m ; the surface 
V, produced by the movement of m m, is a slice of that cone, 
included between the planes of the circles which the points m 
and m describe in their revolution. But as we have seen 
(Far. 59), the surface v is equal to a rectangle of which M m is 
the height, and the base a line equal to the circumference k l o, 
described by the point k, the middle of m m ; therefore the sur- 
face produced by the revolution of the polygon is equal to the 
sum of as many rectangles of that nature as there are sides in 
the polygon, such as m m. 

Now, as all the sides m m, the heights of these rectangles, 
are supposed equal, we may regard the surface sought as a whole 
rectangle having the height m m, and a base equal to the sum of 
all the circumferences such as k l o, that is to say, such as are 
described by the middle point of each of the small sides. 

But the polygon inscribed in the semi-circle A M b, having a 
very great number of sides, the smallness of the height m m, 
and the excessive greatness of the base, render it impossible to 
construct such a rectangle. 

To obviate this difficulty, it is easy to conceive all the small 
rectangles changed into others having all the same height, not 
imperceptible, like m m, but of such magnitude that each of the 
bases may be very small : in this way, the addition of all the 
small bases will only make a length comparable to the height. 

63. 

Let us see, then, if we cannot thus change our small rect- 
angles. 

Suppose first, to simplify the problem, that our rectangles, 
instead of having for their bases lines equal to the circumferences 
K L, have for bases only the radii k i of these circumferences. 
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It will not be difficult afterwards to apply what we find for 
these rectangles to the rectangles in question. 

We have then to find a rectangle having for its measure the 
product of M m by K I, and for its height some lines incompar- 
ablj greater h m, always the same wherever the small side m m 
may be situated. Let us choose, for example, the Une o K, the 
apotheme of the polygon of which M m is the side, this line 
being always the same for every side of the polygon. We 
have then to seek for a Une such that its product by c k is 
equal to the product of Ki by M m, that is to say (2nd Fart, 
Par. 7), we have to find a fourth proportional to the three lines 
c K, K I, and H m. We know that it is by means of similar 

Fig. 170. 




triangles that lines are found proportional to other lines : we 
must therefore form similar triangles, having for their corre- 
sponding sides the lines in question ; this is done by drawing 
H B perpendicular to mp. We have then the triangle h m b and 
K I c which are similar, for they have each a right angle, the 
one at b, the other at i, and further they have the equal angles 
m M B and i k c, because the former makes a right angle when 
added to the angle m m b, which is equal to the angle m k i, and 
the other i K c also makes a right angle with m k i. 

Hence it is readily concluded that c k is to k i as m m to 
M B ; that is to say that h B is the fourth proportional required, 
or, what comes to the same thing, that the rectangle of c k by 
M B or by p j9, is equal to the rectangle of h m by k i. 

But as the rectangle that we first proposed to change was 
not that of H m by k i, but was that of h m by the circum- 
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ference of which k i is the radius, we may remember that, as 
circumferences are as their radii, the equality of the rectangle of 
Mm by K I to that of P j? by c k implies the equality of the 
rectangle of m m by the circumference of k i to the rectangle 
of P JO by the circumference of c k. For it is obvious that if 
two rectangles are equal, and that, while their heights remain 
the same, their bases are proportionally increased, the rectangles 
so increased are also equal. 

64. 

Having discovered, in the two preceding paragraphs, that 
all the small truncated conical surfaces, such as v (Fig. 169), 
are equal to as many rectangles having each for its height a 
line equal to the circumference of which c k is the radius, and 
having each for its base a small line P je? corresponding to each 
of the sides m m, we infer that the sum of any number of these 
small surfaces, for example those extending from a down to p, 
is equal to a rectangle having for its height a line equal to the 
circumference of c k, and for its base the sum of all the lines such 
a&vpf extending from A down to p, that is .to say, the line a p. 

Therefore to have the whole surface produced by the re- 
volution of the entire polygon, it is necessary to make a rect- 
angle having for its base the circumference described with the 
radius c k, and having for its height the diameter A B. 

65. 

It is now easy to measure the surface of the sphere : for it 
is clear that the more sides the polygon has, the more nearly 
does the soHd produced by its revolution approach to equality 
with the sphere, and the more nearly also does the apotheme c k 
approach to equality with the radius ; so that if the polygon is 
conceived to become a circle, the apotheme c k becomes the radius 
itself, and the surface of the sphere has the same area as a 
rectangle having for its height the diameter, and for its base a 
. line equal to the circumference of the circle which produces 
it; and which is usually called a great circle of the sphere. 
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66. 

The curved surface of a spherical segment a m l n Of that 
is to say of the part cut off from a sphere by a plane M L n o 
perpendicular to the diameter, is measured by the product 
of its depth or verted sine ap by the circumference of the 

Fig. 171. 




Fig. 172. 




great circle A m b N. The reason for this is the same as that 
proving (Par. 64) that the sum of the surfaces of all the small 
truncated cones, included between A and m, is equal to the rect- 
angle of height A 'p and base the circumference of which c k 
is the radius. 

67. 

The preceding measurement of the surface of a sphere 
shows that if the rectangle A b d E were at the same time as the 
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aemknrde a H N B caused to tbtoItb roand a. b, the curved but- 
Eaca of the right cylinder k f o t K D H, produced by the rerolu- 




tion (^ tiiat rectangle, la equal to that of the aphere described 
l:^ the semicircle, which is nsually thus expressed :~The sur&ce 
of a sphere is equal to that of the circumscribed cylinder. 



If the cylinder and the sphere are at the same time cut by 
two pliines perpendicular to the diameters a B at p and q, the 
B^ments of the cylindrical and of the spherical surfaces pro- 
duced by the revolution of the straight line o s and of the arc 
M N are equal in area. 

69. 

It is also manifest, fhim the preceding, that the surface of a 
sphere is equal to foor times the area of its great <arcle ; for the 
surface of this great circle has for its measure the product of 
half the radius, or a quarter of the diamet«r by the circumference, 
and the surface of the sphere is equal to the product of the 
whole diameter by the same circumferenoe. 
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70. 

The measarement of the surface of the sphere being found, 
it is easy to measure its^lidity ; for a sphere may be considered 
to be an assemblage of an infinite number of small pyramids, 
having their summits at its centre and having their united 
bases extending over the whole surface. ]^ow, as each of these 
pyramids has for its measure the product of one third of its 
height, that is, of the radius by its base, their sum total or the 
solidity of the sphere is measured by multiplying one third of 
the radius by the surface of the sphere, that is to say, by four 
times the area of the great circle, 

71. 

As the product of one third of the radius by four times the 
great circle is the same as the product of four times one third 
of the radius, that is to say, of two thirds of the diameter, by the 
great circle, and as the solidity of the cylinder e f g i k D h has 
for its measure the product of the diameter by the same great 
circle which is its base, it follows that the solidity of the sphere 
is two thirds of that of the circumscribed cylinder. 

72. 

If the solidity of a spherical segment A h l n o were to be 
measured, it would evidently be 
necessary, in the first place to 
measm'e the portion of the sphere 
produced by the revolution of 
the sector cam; which is done 
by multiplying one third of the 
radius by the surface of the seg- 
ment A M L N o, then to subtract 
from that measure the solidity 
of the cone produced by the re- 
volution of the triangle cpm, 
that is to say, the cone having 
for its base the circle h lv o, and 

I 



Fig. 174. 
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c p for its height, and the remainder would be the required 
soliditj of the segment. 

78. 

• 

We will conclude these Elements by several propositions as 
to the solidity and the surface of similar l)odies. These proposi- 
tions naturally present themselves when we reflect upon what 
constitutes the similarity of two bodies. It may even be said that 
they could scarcely fail to be discovered by analogy, on recalling 
what has been said (1st Fart, Far. 34 and following) as to the 
similarity of plane figures, that is to say, of those described upon 
planes. 

We have determined (Far. 32) in what consists the similarity 
of two pyramids : the definition there given of similar pyramids 
can be extended to all bodies bounded by planes, that is 
to say that two bodies of that kind are called similar^ when 
all the angles formed by the sides of the first are the same 
respectively as the angles formed by the sides of the second, and 
when the sides of the one body are proportional respectively to 
the homologous sides of the other. 

74. 

As to bodies which are not bounded on all sides by planes, 
cylinders and cones, for example, it is also easy to determine 
the conditions necessary to render them similar. 

Two right cylinders are similar when their heights have the 
same ratio as the radii of their bases. 

75. 

If the cylinders are oblique, it is necessary besides that the 
lines which join the centres of the two circles, in each of these 
cylindei'S, make the same angles with the planes of their bases. 

76. 

The same definitions can be applied to cones, by putting, 
instead of the line which passes through the centres of the two 
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bases of the cylinder, that which goes from the apex of the 
cone to the centre of its circular base. 

77. 

In order that two truncated cones may be similar, it is 
necessary, in the first place, that the cones of which they are 
portions should be similar ; and in the second place, that their 
heights should be to each other as the radii of their bases. 

78. 

With respect to spheres, it is clearly seen that they are all 
similar to one another, like all figures, either solid or plane, 
which require only one line to determine them, as the circle, 
the square, the equilateral triangle, the cube, the cylinder circum- 
scribed about the sphere, <bc. 

79. 

Generally, it may be said of similar solids, as it has been 
said of similar plane figures, that they differ only in the scale 
on which they are constructed. This explanation, if well con- 
sidered, leads to two fundamental propositions as to the surfia€e 
and the solidity of similar bodies. 

80. 

The first proposition teaches that the surfaces of two 
RiTnilftT solids are as the squares of their corresponding sides ; 
that there is, for example, the same relation between the surfaces of 
two similar pyramids z, and z, as between the squares abed, and 
ABCD, made upon the sides ab, and ab, which correspond 
in these two pyramids. 

To discover this proposition, there is only required the reason- 
ing employed (Ist Part, Pars. 43 and 44), that is to say, if p be 
considered the scale of the pyramid z, and p, the scale of the 
similar pyramid z, the lines used for measuring the surface of z, 
and that of the square A b c d, contain p as many times as 

I 2 
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there are partfl p in those used for meaeoriDg the bni&ce of z, 
and of the square abed. 

It followB &om this that the product of the lines entering 
into the meaaurement of z, and of a b c D, give the some number 
of eqnaree X, made upon p, than the product of the lines used to 
measure z, and abed, give of equaree x made upon p, that is to 
say that ihe numbers expresBing the relation of the surface of 
Fig. 176. Rg. 176. 



« 




the pyramid z to the square abcs, are the same as those 
which express the relation of the smface s to the square abed. 
The same reasoning may be employed in the oompariscm of 
all other similar bodies, whether the bodies are bounded by planes 
or by curved surfaces, for the lines employed to measore the sur- 
facea of all those bodies have always the same number of pai-ts 
of their scales, and consequently the prodocta of these lines con- 
tain the same number of times the equarea of these same parta. 
And if the lines necessary for measuring the surface of similar 
bodies were incommensurable, it is clear that the demonstration 
would still apply on the principles employed (2nd Fart, Far. 
28), in comparing similar figures of which the sides are incom- 



81. 

It may be proved, in the same way, that the surfaces of 

spheres are as the squares of their radii. But in order to see 

this more clearly in another way, it may suffice to remember 

that the surfaces of circles are as the squares of their radii 
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(3i-d Part, Rir. 6), and that the surfacee of spheres are four 
times those of their great circles {Par. 69). 



The proportiooality between the surfaces of similar bodies aud 
the squares of their homologous sides is so general, that it applies 
as much to bodies that cannot be measured as to those which 
can be measured. 

"Without knowing how to measure, for example, the surface 
of an oblique cylinder, we can affirm that the surfswes of two 
nimilar oblique cylinders are as the squares of the diameter 
of their bases; for on inscribing in these two cylinders two 
similar prisms, or as many as we please, we see, by what 
precedes, that the surfaces of these prisma' are as the squares of 
the diameters of the bases. Therefore the cylinders themselves, 
considered as the ultimate inscribed prisms, have their surfaces 
in the same ratio. 

83. 

The fundamental proposition for the comparison of the 
Fig. 177. Fig, 178. 







solidity of similar bodies is this : — SimDar solids are to each 
other as the cubes of their homologous sides. 

This proposition can be demonstrated, like the preceding, by 
considering that similar figures differ only in the scales on which 
they are constructed. 
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To make this apparent in the most simple manner, we may 
take, as an example, two similar prisms z, and z, and two 
cubes X, and a;, of which the sides are equal to a B and a 6, 
corresponding lines in the two prisms, and we take also the 
two scales ab and a 5, divided into a number of parts suffi- 
ciently great for measuring the dimensions of these solids. 
This being assumed, it is obvious that there are as many cubes 
made upon the parts of a b, in the prism z^ and in the cube x, as 
there are cubes made on the parts of a b, in the prism z, and in 
the cube x. The same reasoning is applicable to all other ^lids ; 
and such as have incommensurable dimensions must also be in 
the same ratio as the cubes of their homologous sides. 

84. 

The solidities of spheres, for example, are evidently as the 
cubes of their radiL 
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DE VERE (Aubrey). 
Legends of the Saxon 
Saints. Small crown 8vo. Cloth, 
price 6s. 

Alexander the Great. A 

Dramatic Poem. Saiall crown 8vo. 
Cloth, price ss. 

The Infant Bridal, and 

other Poems. A New and En- 
larged Edition. Fcap. 8va Qoth, 
price 7<. 6d, 

The Legends of St. Patrick, 
and other Poems. Small crown 
8vo. Cloth, price 5^. 

St. Thomas of Canterbury. 

A Dramatic Poem. Large fcap. 8va 
Cloth, price ss. 

Antar and Zara : an Eastern 

Romance. Inisfail, and other 
Poems, Meditative and Lyrical. 
Fcap. 8vo. Price 6*. 

The Pall of Rora, the 
Search after Proserpine, and 
other Poems, Meditative and Lyrical. 
Fcap. 8vo. Price 6x. 

DOBSON (Austin). 
Vignettes in Rhyme and 
Vers de Soci^td. Third Edition. 
Fcap. 8vo. Cloth, price 5^ . 

Proverbs in Porcelain. By 

the Author of" Vignettes in Rhyme." 
Second Edition. Crown 8vo. 6s, 

DOWDEN (Edward), LL.D. 
Shakspere: a Critical Study 
of his Mind and Art. Fifth Edition. 
Large post 8vo. Cloth, price Z2X. 

Studies in Literature, 1789- 
Z877. Large post 8vo. Cloth, price Z2X. 

Poems. Seoond £^tion. 
Fcap. 8vo. Cloth, price 5«. 

DOWNTON (Rev. H.), M.A. 
Hymns and Verses. Ori- 
ginal and Translated. Small crawn 
8vo. Cloth, price 3^. td. 



DRAPER (J. W.), M.D., LL.D. 

History of the Conflict be- 
tween Religion and Science. 

Fourteenth Edition. Crown 8va 
Cloth, price 5x. 

Volume Xin. of The International 
Scientific Series. 

DREW (Rev. Q. S.), M.A. 
Scripture Lands in con- 
nection with their History. 
Second Edition, tvo. Cloth, price 
tos. 6d, 

Nazareth: Us Life and 

Lessons. Third Edition. Oown 
8vo. Cloth, price 5«. 

The Divine Kingdom on 
Earth as it is in Heaven. 8vo. 
Cloth, price xof. 6d, 

The Son of Man : His Life 

and Ministry. Crown 8vo. Cloth 
price fs. 6d. 

DREWRY(Q. O.), M.D. 

The Common-Sense 

Management of the Stomach. 
Fifth Edition. Fcap. 8va Cloth, 
price 2S. 6d. 

DREWRY (Q. O.), M.D., and 
BARTLETT (H. C), Ph.D., 
F.C.S. 

Cup and Platter : or, Notes 

on Food and its Effects. New and 
cheaper Edition. Small 8vo. Qoth, 
price IS. 6d. 

ORUMMOND (Miss). 
Tripps Buildings. A Study 
from Life, with Frontispiece. SmaU 
crown 8vo. Cloth, price 3J. td, 

DU MONCEL (Count). 
The Telephone, the Micro- 
phone, and the Phonoe^raph. 
with 74 Illustrations. Small crown 
8ve. Cloth, price 5^. 

DU VERNOIS (Col. von Verdy). 
Studies in leading Troops. 

An authorized and accurate Trans- 
lation hy Lieutenant H. J. T. 
Hildyard, yxst Foot. Parts I. and 
II. i)emy 8vo. Cloth, price ^s. 

EDEN (Frederick). 
The Nile without a 
Dragoman. Second Edition. 
Crown 8vo. Cloth, price js. 6d, 
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EDMONDS (Herbert). 
Well Spent Lives : a Series 

of Modem Biographies. Crown 8vo. 
Price 5f . 

Educational Code of the 
Prussian Nation, in its Present 
Form. In accordance with the 
Decisions of the Common Provincial 
Law, and with those of Recent 
Legislation. Crown 8vo. Cloth, 
price 2f. id. 

BDWARDS (Rev. Basil). 

Minor Chords; or, Songs 

for the Suffering: a Volume of 
Verse. Fcap. 8yo. Qoth, price 
3t. 6^. ; paper, pnce %s. 6eL 

ELLIOT (Lady Charlotte). 
Medusa and other Poems. 

Crown 8vo. Cloth, price 6s. 

ELLIOTT (Ebenexer), The Corn- 
Law Rhymer. 

Poems. Edited by his Son, 
the Rev. Edwin Elliott, of St. John's, 
Antigua, a vols. Crown 8vo. Cloth, 
price i8f. 

BLSDALB (Henry>. 
Studies in Tennyson's 

Idylls. Crown 8vo. Cloth, price 5J. 

Epic of Hades (The). 

By the author of " Songs of Two 
Worlds." Tenth and finsdljr revised 
Edition. Fcap.8vo. Cloth, pricey*. 6rf. 
*,* Also an Illustrated Edition with 
seventeen full-page designs in photo- 
mezzotint by George R. Chapman. 
4to. Cloth, extra gilt leaves, price 255. 

EVANS (Mark). 
The Gospel of Home Life. 

Crown Bvo. Cloth, price 45. 6d. 

The Story of our Father's 

Love, told to Children. Fourth 
and Cheaper Edition. With Four 
Illustrations. Fcap. 8vo. Cloth, 
price IS. 6d. 

A Book of Common Prayer 
and Worship for Household 
Use, compiled exclusively from the 
Holy Scriptures. New and Cheaper 
Edition. Fcap. 8vo. Cloth, price is. 



EVAI4S {UaiTky^oHimutd. 

The King's Story Book. 

In three parts. Fcap. <8vo. Cloth, 
price IS. 6d. each. 

*»* Part I., with four illustrations 
and Picture Map, aow ready. 

EX-CIVILIAN. 

Life in the Mofussil; or, 

Civilian Life in Lower BengaL 3 
vols. Large post 8vo. Price 141. 

PARQUHARSON (M.). 

I. Elsie Dinsmore. Crown 

8vo. Cloth, price 3J. 6d. 

II. Elsie's Girlhood. Crown 

8vo. Cloth, price 3^. 6d. 

III. Elsie's Holidays at 
Roselands. . Crown 8vo. 

Qoth, price 3^ . 6d. 

FIELD (Horace), B.A. Lond. 
The Ultimate Triumph of 

Christianity. Small crown 8vo. 
Cloth, price 3X. td. 

FINN (the late James), M.R.A.S. 
Stirring Times ; or, Records 

from Jerusalem Consular Chronicles 
of 1853 to 1856. Edited and Com- 

Eiled by his Widow. With a Preface 
y the Viscountess Strangford. 
2 vols. Demy 8vo. Price 30*. 

Folkestone Ritual Case 

(The). The Argument,Proceedines, 
Judgment, and Report, revised oy 
the several Counsel engaged. Demy 
8vo. Cloth, price 255. 

FORM BY (Rev. Henry}. 

Ancient Rome and its Con- 
nection with the Christian Re- 
ligion : an Outline of the History of 
the City from its First Foundation 
down to the Erection of the Chair 
of St. Peter, a.d. 42-47. With 
numerous Illustrations of Ancient 
Monuments, Sculpture, and Coinage, 
and of the Antiquities of the Chris- 
tian Catacombs. Royal 4to. Qoth 
extra, price 50*. Roxburgh, half- 
morocco, price 52J. 6d. 

FOWLE (Rev. Edmund). 

Latin Primer Rules made 
Easy. Crown 8vo. (Uoth, price 31. 
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FOWLE (Rev. T. W.)f M.A. 
The Reconciliation of Re- 
ligion and Science. ^ Being Essays 
on Immortality, Inspiration, Mira- 
cles, and the Being ofChrist Demy 
8vo. Cloth, price xof . td. 

The Divine Legation of 
Christ. Crown 8vo. Cloth, price 71. 

ERASER (Donald). 

Exchange Tables of Ster- 
ling and Indian Rupee Cur- 
rency, upon a new and extended sys- 
tem, embracing Values from One 
Farthing to One Hundred Thousand 
Pounds, and at Rates progressing, in 
Sixteenths of a Penny, from xs. 9</. to 
us. zd. per Rupee. Royal 8vo. 
Cloth, price xor. td. 

FRISWELL (J. Hain). 

The Better Self. Essays for 
Home Life. Crown Svo. Cloth, 
price 6f . 

One of Two; or, A Left- 

Handed Bride. With a Frontis- 
piece. Crown Svo. Cloth, price 3*. 6rf. 

GARDNER (J.), M.D. 

Longevity : The Means of 
Prolonging Life after Middle 
Age. Fourth Edition, Revised and 
Enlarged. Small crown Svo. Cloth, 
price 4J. 

GARRETT (E.). 
By Still Waters. A Story 
for Quiet Hours. With Seven Illus- 
trations. Crown Svo. Cloth, price 6j. 

GEBLER (Karl Von). 

Galileo Galilei and the 
Roman Curia, from Authentic 
Sources. Translated with the sanc- 
tion of the Author, by Mrs. George 
Sturgb. Demy Svo. Cloth, price izj. 

GEDDES (James). 

History of the Administra- 
tion of John de Witt, Grand Pen- 
sionary' of Holland. Vol. I. 1623— 
1654. Demy Svo., with Fortiait. 
Cloth, price 15^. 

G. H. T. 

Verses, mostly written in 
India. Crown Svo. Cloth, price ts. 



GILBERT (Mrs.). 

Autobiography and other 

Memorials. Edited by Josiah 
Gilbert. Third Edition. With Por- 
trait and several Wood Engravings. 
Crown Svo. Cloth, price 7X. td, 

GILLr (Rev. W. W.). B.A. 
Myths and Songs from the 
South Pacific. With a Preface by 
F. Max Mailer, M.A. , Professor of 
Comparative Philology at Oxford. 
Post Svo. Cloth, price gf. 

Ginevra and The Duke of 
Guise. Two Tragedies. Crown 
Svo. Cloth, price 6*. 

GLOVER (P.), M.A. 
Exempla Latina. A First 

Construing Book with Short Notes, 
Lexicon, and an Introduction to the 
Analysis of Sentences. Fcap. 6vo. 
Cloth, price 2f . 

GODWIN (William). 
William Godwin: His 
Friends and Contemporaries. 
With Portraits and Facsimiles of the 
handwriting of Godwin and his Wife. 
By C. Kegan Paul, a vols. Demy 
Svo. Cloth, price aSf. 

The Genius of Christianity 

Unveiled. Being Essavs never 
before published. Edited^ with a 
Preface, by C. Kegan PauL Crown 
Svo. Cloth, price ^s. 6d. 

GOETZE (Capt. A. von). 
Operations of the German 
Engineers during the War of 
X870-1871. Published by Authority, 
and in accordance with Official Docu- 
ments. Translated from the German 
by Colonel G. Graham, V.C, GB., 
R.E. With 6 large Maps. Demy 
Svo. Cloth, price 21s. 

GOLDSMID(SirFrancis Henry). 
Memoir of. With Portrait. 
Crown Svo. Cloth, price se. 

GOODENOUGH (Commodore J. 
G.), R.N.,G.B.,C.M.G. 

M emoir of , with Extracts from 
his Letters and Journals. Edited by 
his Widow. With Steel Engraved 
Portrait. Square Svo. Cloth, 5^. 

*,* Also a Library Edition with 
Maps, Woodcuts, and Steel En- 
graved Portrait. Square post Svo. 
Cloth, price Z4J. 
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60SSB (Edmund W.). 
Studies in the Literature of 

N orthern Europe. With a Frontis- 
piece designed and etched by Alma 
Tadema» Large post 8vo. Cloth, 
price za«. 

New Poems. Crown 8vo. 
Cloth, price -js. 6d. 

QOULD (Rev. S. Baring), M.A. 
Germany, Present and Past. 

2 Vols. Demy 8vo. Qoth, price 2is. 

The Vicar of Morwenstow: 

a Memoir of the Rev. R. S. Hawker. 
With Portrait Third Edition, re- 
vised. Square post 8vo. Cloth, lof. 6^. 

OREY (John), of Dilston. 
John Grey (of Dilston): 
Memoirs. By Josephine £. Butler. 
New and Revised Edition. Crown 
8vo. Cloth, price y. 6d. 

ORIMLBY (Rev. H. N.), M.A. 
Tremadoc Sermons, chiefly 
on the Spiritual Body, the Unseen 
World, and the Divine Humanity. 
Second Edition. Crown Bvo. Cloth, 
price 6s. 

GRUNER(M. L.). 

Studies of Blast Furnace 

Phenomena. Translated by L. D. 
B. Gordon, F.R.S.E., F.G.S. Demy 
Bvo. Cloth, price js. 6d. 

QURNEY(Rev. Archer). 
Words of Faith and Cheer. 

A Mission of Instruction and Sugges- 
tion. Crown Bvo. Cloth, price 6s. 

Gwen : A Drama in Mono- 
logue. By the Author of the ** Epic 
of Hades." Second Edition. Fcap. 
Bvo. Cloth, price 5^* 

HABCKEL (Prof. Ernst). 
The History of Creation. 

Translation revised by Professor £. 
Ray Lankester, M.A., F.R.S. With 
Coloured Plates and Genealogical 
Trees of the various groups of both 
plants and animals. 2 vols. Second 
edition. Post Bvo. Cloth, price sar. 

The History of the Evolu- 
tion of Man. With numerous Il- 
lustrations. 3 vols. Large post Bvo. 
Cloth, price 33^. 



HAECKEL (Prof. Emst.>>^Ms. 

Freedom in Science and 
Teaching. From the German of 
Ernst Haeckel, with a Prefatory 
Note by T. H. Huxley, F.R.S. 
Crown Bvo. Cloth, price 5X. 

HAKE (A. Egmont). 
Paris Originals, with twenty 
etchings, by Lion Richeton. Large 
post Bvo. Cloth, price 14^. 

Halleck's International 

Law; or. Rules Regulating the 
Intercourse of States in Peace and 
War. A New Edition, revised, with 
Notes and Cases. By Sir Sherston 
Baker, Bart. 3 vols. Demy Bvo. 
Cloth, price 3&r. 

HARDY (Thomas). 
A Pair of Blue Eyes. New 
Edition. With Frontispiece. Crown 
Bvo. Cloth, price 6s, 

The Return of the Native. 

New Edition. With Frontispiece. 
Crown Bvo. Cloth, price 6s. 

HARRISON (Lieut.-Col. R.). 
The Ofiicer's Memoran- 
dum Book for Peace and War. 

Second Edition. Oblong samo. 
roan, elastic band and pencil, price 
3s. 6d. ; russia, 5^ . 

HARTINGTON (The Right Hon. 
the Marquis of), M.P. 

Election Speeches in 1879 

and zBBo. With Address to the 
Electors of North-East Lancashire. 
Crown Bvo. Cloth, price 3J. 6d, 

HAWEIS(Rev. H. R.), M.A. 
Arrows in the Air. Crown 

Bvo. Second Edition. Cloth, price 6s, 

Current Coin. Materialism — 
The Devil — Crime — Drunkenness — 
Pauperism — Emotion — Recreation — 
The Sabbath. Third Edition. Crown 
Bvo. Cloth, price 6s, 

Speech in Season. Fourth 

Edition. Crown Bvo. Cloth, price gs. 

Thoughts for the Times. 

Eleventh Edition. Crown Bvo. Cloth, 
price js. 6d, 

Unsectarian Family 

Prayers. New and Cheaper Edition. 
Fcap. Bvo. Cloth, price xs. 6d. 
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HAWKER (Robert Stephen). 
The Poetical Works of. 

Now first collected and arranged 
with a prefatory notice by J. G. 
Godwin. With Portrait. Crown 8vo. 
Cloth, price i3J. 

HAWTREY (Edward M.). 
Corydalis. A Story of the 
Sicilian Expedition. Small crown 
8vo. Cloth, price 3J. 6d. 

HEIDENHAIN (Rudolf), M.D. 
Animal Magnetism. Physi- 
ological Observations. Translated 
from the Fourth German Edition, 
by L. C. Wooldridge. With a Pre- 
face by G. R. Romanes, F.R.S. 
Crown 8vo. Clotk, price 2*. dd. 

HELLWALD (Baron P. von). 
The Russians in Central 

Asia. A Critical Examination, 
down to the present time, of the 
Geography and History of Central 
Asia. Translated by Lieut -Col. 
Theodore Wii^man, LL.B. Laree 
post 8vo. With Map. Cloth, 
price X2jr. 

HELVIG (Ms^or H.). 
The Operations of the Ba- 
varian Armv Corps. Translated 
b^ Captain G. S. Schwabe. With 
Five large Maps. In 2 vols. Demy 
Svo. Cloth, price 34^. 

Tactical Examples : Vol. I. 
The Battalion, price !« . Vol. II. The 
Regiment and Brigade, price xos. 6d, 
Translated from the German by Col. 
Sir Lumley Orahsun. With numerous 
Diagrams. Demy Svo. Cloth. 

HERFORD (Brooke). 
The Story of Religion in 
England. A Book for Young Folk. 
Crown Svo. Cloth, price 5*. 

HINTON (James). 
Life and Letters of. Edited 
by Ellice Hopkins, with an Introduc- 
tion by Sir W. W. Gull, Bart., and 
Portrait eagraved on Steel by C. H. 
Jeens. Second Edition. Crown Svo. 
Cloth, Zs. 6d. 

Chapters on the Art of 
Thinking, and other Essays. 
With an Introduction by Shadworth 
Hodgson. Edited by C. H. Hinton. 
Crown Svo. Cloth, price Sj. 6</. 



HINTON QaimeB)-c0Hiinutd. 
The Place of the Physician. 

To which is added Essays on the 
Law op Human Life, and on the 
Relation between Organic and 
Inorganic Worlds. Second Edi- 
tion. Crown Svo. Clq^, price 3J. &/. 

Physiology for Practical 

Use. By various Writers. With 50 
Illustrations. 3 vols. Second Edition. 
Crown Svo. Cloth, price la*. 6d, 

An Atlas of Diseases of the 

Membrana Tympani. With De- 
scriptive Text. Post Svo. Trice £6 6s. 

The Questions of Aural 
Surgery. With Illustrations, a vols. 
Post Svo. Cloth, price 12s. 6d, 

The Mystery of Pain, 

New Edition. Fcap. Svo. Cloth 
limp, xs, 

HOCKLEY (W. B.X 

Tales of the Zenana; or, 

A Nuwab's Leisure Hours. By the 
Author of " Pandurang Hari." With 
a Preface bv Lotd Stanley of Alder- 
ley. 3 vols. Crown Svo. Cloth, 
price su. 

Pandurang Hari; or, Me- 
moirs of a Hindoo. A Tale of 
Mahratta Life sixtv years ago. With 
a Preface by Sur H. Bartle £. 
Frere, G. C. S. I., &c. New and 
Cheaper Edition. Crown Svo. Cloth, 
price 6s. 

HOFFBAUER (Capt). 

The German Artillery in 
the Battles near Metz. Based 
on the official reports of the German 
Artillery. Translated by Capt. £. 
O. Hollist. With Map and Plans. 
Demy Svo. Cloth, price six. 

HOLMES (E. Q. A.). 
Poems. First and Second Se- 
ries. Fcap. Svo. Cloth, prices^, each. 

HOLROYD (Major W. R. M.). 
Tas-hil ul Kalam ; or, 
Hindustani made Easy. Crown Svo. 
Cloth, price $s. 

HOOPER (Mary). 

Little Dinners: How to 
Serve them with Elegance and 
Economy. Thirteenth Edition. 
Crown Svo. Cloth, price 51. 
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HOOPER {Usiry)— continued. 

Cookery for Invalids, Per- 
sons of Delicate Digestion » and 
Children. Crown 8vo. Cloth, price 
3f . td. 

Every -Day Meals. Being 
Economical and Wholesome Recipes 
for Breakfast, Luncheon, and Sup- 
per. Second Edition. Crown 8vo. 
Cloth, price 5J. 

HOOPER (Mrs. Q.). 

The House of Raby. With 
a Frontispiece. Crown 8vo. Cloth, 
price 3*. 6d. 

HOPKINS (Ellice). 
Life and Letters of James 

Hinton, with an Introduction by Sir 
W. W. Gull, Bart., and Portrait en- 
graved on Steel by C. H. Jeens. 
Second Edition. Crown 8vo. Cloth 
price Zs, 6d. 

HOPKINS (M.). 
The Port of Refuge; or, 

Counsel and Aid to Shipmasters in 
Difficulty, Doubt, or Distress. Crown 
8vo. Second and Revised Edition. 
Cloth, price 6s. 

HORNER (The Misses). 
Walks in Florence. A New 

and thoroughly Revised Edition, a 
vols. Crown 8vo. Cloth limp. With 
Illustrations. 

Vol. I. — Churches, Streets, and 
Palaces, los. 6d. Vol. II.— -Public 
Galleries and Museums. 5^. 

HULL (Edmund C. P.). 
The European in India. 
With a Mbdical Guide for Anglo- 
Indians. By R. R. S. Mair, M.D., 
F. R. C. S. E. Third Edition, Revised 
and Corrected. Post 8vo. Cloth, 
price 6s. 

HUTCHISON (Lieut..Col. F. J.), 
and Capt.G. H. MACGREGOR. 

Military Sketching and Re- 
connaissance. With Fifteen Plates. 
Small 8vo. Cloth, price 6s, 

The first Volume of Military Hand- 
books forRegimental Officers. Edited 
by Lieut.-Col.C. B. Brackbnburv, 



HUTTON (Arthur), M.A. 
The Anglican Ministry. Its 

Nature and Value in relation to the 
Catholic Priesthood. With a Pre- 
face by his Eminence Cardinal New- 
man. Demy Bvo. Cloth, price 14^. 

HUXLEY (Prof.) 
The Crayfish: An Intro- 
duction to the Study of Zoology. 
With Eighty-two Illustrations. 
Crown 8vo. Cloth, price 5*. 

Volume XXVIII. of the Interna- 
tional Scientific Scientific Series. 

INCHBOLDO. W.). 
Annus Amoris. Sonnets. 
Fcap. 8vo. Cloth, price 4s. 6d, 

INGELOW (Jean). 
Off the Skelligs. A Novel. 
With Frontispiece. Second Edition. 
Crown 8vo. Cloth, price 6s. 

The Little Wonder-horn. 

A Second Series of " Stories Told to 
a Child." With Fifteen Illustrations. 
Small 8vo. Cloth, price 2f. 6d. 

Indian Bishoprics. By an 

Indian Churchman. Demy 8vo. 6d, 

International Scientific 
Series (The). 

I. Forms of Water : A Fami. 
liar Exposition of the Origin and 
Phenomena of Glaciers. By J. 
Tyndall, LL.D., F.R.S.^ ^ With 25 
Illustrations. Seventh Edition. Crown 
8vo. Cloth, price 5^. 

II. Physics and Politics ; or, 

Thoup^hts on the Application of the 
Principles of ** Natural Selection" 
and "Inheritance" to Political So 
ciety. By Walter Bagehot Fifth 
Edition. Crown 8vo. Cloth, price 4/. 

III. Poods. By Edward Smith, 
M.D., &c. With numerous Illus- 
trations. Sixth Edition. Crown 8vo. 
Cloth, price $s. 

IV. Mind and Body: The Theo- 
ries of their Relation. By Alexander 
Bain, LL.D. With Four Illustra- 
tions. Seventh Edition. Crown 8vo. 
Cloth, price 4^. 

V. The Study of Sociolojj^. 
ByHerhert Spencer. Eighth Edition. 
Crown 8vo. Cloth, price 5^ . 
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International Scientific 
Series (The) — continued, 

VI. On the Conservation of 
Energy. By Balfour Stewart, 
LL.D., &c. With 14 Illustrations. 
Fifth Edition. Crown 8vo. Cloth, 
price 5^. 

VII. Animal Locomotion ; or, 

Walking, Swimming, and Flyine. 
By J. B. Pettigxew, M.D., &c. With 
130 Illustrations. Second Edition. 
Crown 8vo. Cloth, price 51. 

VIII. Responsibility in Mental 
Disease. By Henry Maudsley, 
M.D. lliu-d Edition. Crown Svo. 
Cloth, price 51. 

IX. The New Chemistry. By 
Professor J. P. Cooke. With 31 Illus- 
trations. Fifth Edition. Crown 8 vo. 
Cloth, price sj. 

X. The Science of Law. By 
Prof. Sheldon Amos. Fourth Edition. 
Crown 8vo. Cloth, price 5*. 

XI. Animal Mechanism. A 
Treatise on Terrestrial and Aerial 
Locomotion. By Prof. E. J. Marey. 
With Z17 Illustrations. Second 
Edition. Crovoi 8vo. Cloth, price 5;. 

XII. The Doctrine of Descent 
and Darwinism. By Prof. Osca 
Schmidt. With 36 Illustrations. 
Third Edition. . Crown 8vo. Cloth, 
price 5J. 

XIII. The History of the Con- 
flict between Religion and Sci- 
ence. By J. W. Draper, M.D., 
LL.D. Fourteenth Edition. Crown 
8vo. Cloth, price 5*. 

XIV. Fungi; their Nature, In- 
fluences, Uses, &c. By M. C. 
Cooke, LL.D. Edited by the Rev. 
M. J. Berkeley, F.L.S. With nume- 
rous Illustrations. Second Edition. 
Crown 8va Qoth, price 5*. 

XV. The Chemical Effects of 
Light and Photography. By Dr. 
Hermann Vogel. With 100 Illustra- 
tions. Third and Revised Edition. 
Crown 8vo. Cloth, price 51. 

XVI. The Life and Growth of 
Language. By Prof. William 
Dwight Whitney. Second Edition. 
Crown 8vo. Cloth, price 5«. 

XVII. Money and the Mecha- 
nism of Exchange. By W. Stan- 
ley Jevons, F.R.S. Fourth Edition. 
Grown 8va Clodi, price 5«. 



International Scientific 

Series {^\i€)-^mHnued, 

Xyill. The Nature of Light: 
With a General Account of Physical 
Optics. By Dr. Eugene Lommel. 
With J 88 Illustrations and a table of 
Spectra in Chromo - lithography^ 
Third Edition. Crown 8vo. Cloth, - 
price 5*. 

XIX. Animal Parasites and 

Messmates. By M. Van Beneden. 
With 83 Illustrations. Second Edi- 
tion. Crown 8vo. Cloth, price 5*. 

XX. Fermentation. By Prof. 
Schatzenberger. With 28 Illustra- 
tions. Second Edition. Crown 8vo. 
Cloth, price 5«. 

XXI. The Five Senses of Man. 
By Prof. Bernstein. With 91 lUus- 
trations. Second Edition. Crown 
8vo. Cloth, price 5; . 

XXII. The Theory of Sound in 
its Relation to Music. By Prof. 
Pietro Blasema. With numerous 
Illustrations. Second Edition. Crown 
8vo. Cloth, price 5^. 

XXIII. Studies in Spectrum 
Analysis. By J. Norman Lockyer. 
F.R.S. With six photographic Il- 
lustrations of Spectra, and numerous 
engravings on wood. Crown 8vo. 
Second Edition. Cloth, price 6f . 6</. 

XXIV. A History of the Growth 
of the Steam Engine. By Prof. 
R. H. Thurston, with numerous 
Illustrations. Second Edition. Crown 
8vo. Cloth, price 6,r. 6</. 

XXV. Education as a Science. 
By Alexander Bain, LL.D. Third 
Edition. Crown 8vo. Cloth, price 5J. 

XXVI. The Human Species. 
By Prof. A. de Quatrefages. Second 
Edition. Crown Svo. Cloth, price ss. 

XXVII. Modern Chromatics. 
With Applications to Art and Indus- 
try, by Ogdcn N. Rood. With 130 
original Illustrations. Crown Svo. 

• Cloth, price sj. 

XXyill. The Crayfish : an Intro- 
duction to the Study of Zoology. By 
Prof. T. H. Huxley. With eighty- 
two Illustrations. Crown Svo. Cloth, 
price sj. 

XXIX. The Brain as an Or^an 
of Mind. By H. Charlton Bastian, 
M.D. With numerous-IUustrations. 
Second Edition. Crown Svo. Cloth, 
price 5^. 
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International Scientific 
Series {The)— ^ontinu^^i. 

Forthcomings Volumes, 

Prof. W. KiNGDON Clifford, M.A. 
The First Principles of the Exact 
Sciences explained to the Non-ma- 
." themadcal. 

W. B. Carpbntbr, LL.D., F.R.S. 
The Physical Geography of the Sea. 

Sir John Lubbock, Bart., F.R.S. 
On Ants and Bees. 

Prof. W. T. Thisklton Dybr, B. A., 
B. Sc. Form and Habit in Flowering 
Plants. 

Prof. MicHAKL Fostrr, M.D. Pro- 
toplasm and the Cell Theory. 

Prof. A. C. Ramsay, LL.D., F.R.S. 
Earth Sculpture: Hills, Valleys, 
Mountains, Plains, Rivers, Lakes; 
how they were Produced, and how 
they have been Destroyed. 

P. Bert (Professor of Physiology, 
Paris). Forms of Life and omer 
Cosmical Conditions. 

The Rev. A Sbcchi, D.J., late 
Director of the Observatory at Rome. 
The Stars. 

Prof. J. Rosenthal, of the Univer- 
sityoiErlangen. General Physiology 
of Muscles and Nerves. 

Francis Galton, F.R.S. Psycho- 
metry. 

The Laws of 
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W. JuDD, F.R.S. 
blcanic Action. 



Prof. F. N. Balfour. The Em- 
bryonic Phases of Animal Life. 

J. LuYS, Physidan to the Hospice 
de la Salp^tri^re. The Brain and its 
Functions. With Illustrations. 

Dr. Carl Semper. Animals and 
their Conditions of Existence. 

Prof. WuRTZ. Atoms and the 
Atomic Theory. 

George J. Romanes, F.L.S. Ani- 
mal InteUigence. 

Alfred W. Bbnkbtt. A Hand- 
book of Oyptogamic Botany. 

JENKINS (Rev. Canon). 
The Girdle Legend of Prato. 
Small crown 8vo. Ooth, price ax. 



JENKINS (£.) and RAYMOND 
(J.), Esqs. 

A Legal Handbook for 
Architects, Builders, and Build- 
ing Owners. Second Edition Re- 
vised. Crovm 8vo; Cloth, price 6*. 

JENKINS (Rev. R. C), M.A. 

The Privilege of Peter and 

the Claims of the Roman Church 
confronted with the Scriptures, the 
Councils, and the Testimony of the 
Popes themselves. Fcap. 8vo. Cloth, 
price 3^. 6d. 

JENNINGS (Mrs. Vaughan). 

Rahel : Her Life and Let- 
ters. With a Portrait from the 
Painting by Daffinger. Square post 
Bvo. Cloth, price ^s. 6d. 

Jeroveam's Wife and other 

Poems. Fcap. 8vo. CToth, price 

JBVONS (W. Stanley), M.A., 
F.R.S. 

Money and the Mechanism 

of Exchange. Fourth Edition. 
Crown 8vo. Cloth, price 5^ . 

VoIumeXVII. of The International 
Scientific Series. 



JOEL (L.). 

A Consul's Manual 



and 



Shipowner's aiid Shipmaster's Prac- 
tical Guide in their Transactions 
Abroad . With Definitions of Nauti- 
cal, Mercantile, and Legal Terms; 
a Glossary of Mercantile Terms in 
English, French, Gorman, Italian, 
and Spanish. Tables of the Money, 
Weights, and Measures of the Prin- 
cipal Commercial Nations and their 
Equivalents in British Standards ; 
and Forms of Consular and Notarial 
Acts. Demy 8vo. Qoth, price tsx. 

JOHNSTONE (C. F.), M.A. 
Historic?.! Abstracts. Being 

Outlines of the History of some of 
the less-known States of Europe. 
Crown 8vo. Cloth, price 7*. &/. 

JONES (Lucy). 
Puddings and Sweets. Being 

Three Hundred and Sixt][-Fiye 
Receipts approved by Experience. 
Orown 8vo., price ax. 6tU 
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JOYCE (P. W.;. LL.D., &c. 
Old Celtic Romances. 

Translated from the Gaelic by. 
Crown 8vo. Cloth, price ^s. 6d. 

KAUFMANN (Rev. M.), B.A. 
Utopias; or, Schemes of 
Social Improvement, from Sir 
Thomas More to Karl Marx. Crown 
8vo. Cloth, price 5*. 

Socialism : Its Nature, its 

Dangers, and its Remedies con- 
sidered. Crown 8 vo. Cloth, price js. 6d. 

KAY (Joseph), M.A., Q.C. 
Free Trade in Land. 
Edited by his Widow. With Preface 
by the Right Hon. John Bright, 
M. P. Third Edition. Crown 8vo. 
Cloth, price 5*. 

KENT(Carolo). 
Carona Catholica ad Petri 
successoris Pedes Oblata. De 

Summi Pontificis Leonis XI II. As- 
sumptione Epi^gramraa. In Quin- 
quaginta Linguis. Fcap. 4to. Cloth, 
price is-j. 

KER (David). 
The Boy Slave in Bokhara. 
A Tale of Central Asia. With Illustra- 
tions. Crown 8vo. Cloth, price 3; . 6d. 

The Wild Horseman of 

the Pampas. ^ Illustrated. Crown 
8vo. Cloth, price 3*. 6d. 

KERNER (Dr. A.), Professor of 
Botany in the University of 
Innsbruck. 
Flowers and their Unbidden 

Guests. Translation edited by W. 
Oglb, M.A., M.D., and a prefatory 
letter by C. Darwin, F. R. S. With Il- 
lustrations. Sq. 8vo. Cloth, price gs. 

KIDD (Joseph), M.D. 
The Laws of Therapeutics, 

or, the Science and Art of Medicine. 
Crown 8vo. Cloth, price dr. 

KINAHAN(G. Hennr),M.R.I.A.. 
ftc, of her Majesty's Geological 
Survey. 

Manual of the Geology of 
Ireland. With 8 Plates, 36 Wood- 
cuts, and a Map of Ireland, geologi-, 
cally coloured. Square 8vo. Clom, 
price z^r. 



KING (Mrs. Hamilton). 

The Disciples. A Poem. 

Third Edition, with some Notes. 
Crown 8vo. Cloth, price 7*. 6d. 

Aspromonte, and other 

Poems. Second Edition. Fcap. 
8vo. Cloth, price 4s. 6d, 

KING (Edward). 
Echoes from the Orient. 

With Miscellaneous Poems. Small 
crown 8vo. Cloth, price 3*. 6d, 

KINGSLEY (Charles), M.A.' 
Letters and Memories o! 
his Life. Edited by his Wife. 
With a Steel engraved Portraits and 
numerous Illustrations on Wood, and 
a Facsimile of his Handwriting. 
Thirteenth Edition, s vols. Demy 
8vo. Cloth, price 36*. 

*jf* Also a Cabinet Edition in 3 
vols. Crown 8vo. Cloth, price i2j. 
All Saints' Day and other 
Sermons. Second Edition. Crown. 
Svo. Cloth, yj. 6d, 

True Words for Brave 

Men: a Book for Soldiers' and 
Sailors' Libraries. Fifth Edition. 
Crown 8vo. Cloth, price os. 6d, 

KNIGHT (Professor W.). 
Studies in Philosophy and 
Literature. Large post Svo. Cloth, 
price 7J. 6d. 

LACORDAIRE (Rev. Phre), 
Life : Conferences delivered 
at Toulouse. A New and Cheaper 
Edition. Crown8vo.Cloth,price3J.6</. 

LAIRD-CLOWES (W.). 
Love's Rebellion : a Poem. 
Fcap. 8vo. Cloth, price 3;. 6d. 

LAMONT (Martha MacDonald). 
The Gladiator : A Life under 

the Roman Empire in the beginning 
of the Third Century. With four 
Illustrations by H. M. Paget. Extra 
fcap. 8vo. Cloth, price 3; . 6d. 

LANG (A.). 

XXII Ballades in Blue 

China. Elzevir. 8to. Parchment, 
price 3f . 6d. 

LAYMANN (Capt.). 
The Frontal Attack of 
Infantry. Translated by Colonel 
Edward Newdigate. Crown 8vo. 
Cloth, price 3f . 6k. 
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LEANDBR (Richard). 

Fantastic Stories. Trans- 
lated from the German by Panlina 
B. Granville. With Eizht full-page 
Illustrations by M. £. I^aser-Tytler. 
Crown 8vo. Qoth, price 5«. 

LrEE (Rev. P. O.), D.C.Lr. 
The Other World; or, 

Glimpses of the Supernatural, a vols. 
ANewEditicm. Crown 8vo. Qoth, 
price Z5«. 

LBB (Holme). 
Her Title of Honour. A 

Book for Girls. New Edition. With 
a Frontisinece. Oown 8vo. Cloth, 
price 5«. 

LEWIS (Edward Dillon). 
A Draft Code of Criminal 
Lav^r and Procedure. Demy 8vo. 
Cloth, price 3 If. 

LEWIS (Mary A.). 

A Rat with Three Tales. 

With Four Illustrations by C^dierine 
F.Frere. Crown 8vo. Clotn, price 5*. 

LINDSAY(W. Lauder), M.D.^ftc. 
Mind in the Lower Animals 
in Health and Disease, s vols. 
Demy 8vo. Cloth, price yu, 

LLOYD (Francis) and Charles 
Tebbitt. 

Extension of Empire Weak- 
ness ? Deficits Ruin ? With a 
Practical Scheme for the Reconstruc- 
tion of Asiatic Turkey. Small crovm 
8vo. Cloth, price 3^. td. 

LOCKER (P.). 
London Lyrics. A New and 

Revised Edition, with Additions and 
a Portrait of the Author. Crown 8vo. 
Cloth, elegant, price &r. 

Also, a Cheaper Edition. Fcap 
8vo. Cloth, price 2f . td, 

LOCKYER 0. Norman), P.R.S. 
Studies in Spectrum Ana- 
lysis ; with six photographic illus- 
trations of Spectra, and numerous 
engravings on wood. Second Edi- 
tion. Crown 8vo. Cloth, price ts. 6d, 
Vol. XXIII. of The International 
Scientific Series. 



LOMMBL (Dr. E.). 

The Nature of Light : Wi& 

a General Account of Physical Optics. 
Second Edition. With z88 Illustra- 
tions and a Table of Spectra in 
Chromo-lithography. Thud Edi- 
tion. Crown 8vo. Qoth, price 5*. 
Volume XVIII. of The Interna- 
tional Scientific Series. 

LONSDALE (Margaret). 
Sister Dora. A Biographv, 
with Portrait engraved on steely by 
C. H. Jeens, and one illustration. 
Twelfth edition. Crown 8vo. Cloth, 
price 6s. 

LORIMER (Peter), D.D. 

John Knox and the Church 

of England : His Work in her Pulpit, 
and his Influence upon her Liturgy, 
Articles, and Parties. Demy 8vo. 
Cloth, price x&r. 

John Wiclif and his 

English Precursors, by (^rhard 
Victor Lediler. Translated from 
the (Terman, with additional Notes. 
3 vols. Demy 8vo. (Hoth, price azf. 

Love's Gamut and other 

Poems. Small crown 8vo. Cloth, 
price 3f. 6d. 

LOWNDES (Henrv). * 
Poems and Translations. 

Crown 8vo. Cloth, price dr. 

MAC CLINTOCK (L.). 
Sir Spangle and the Dingy 
Hen. Illustrated. Square crown 
8vo., price u. 6d, 

MACDONALD (Q.). 
Malcolm. With Portrait of 
the Author engraved on Steel. Fourth 
Edition. Crown 8vo. Price &r. 

The Marquis of Lossie. 

Second Edition. Crown 8vo. Qoth, 
price 6s. 

St. George and St. Michael. 

Second Edition. Crown 8vo. Cloth,6f . 

MACKENNA (S. J.). 
Plucky Fellows. A Book 

for Boys. With Six Illustrations. 
Fourth Edition. Ctoynx 8vo. Cloth, 
price 3X. 6d. 

At School with an Old 
Dragoon. Wiik Six Illastrations. 
Second Edition. Crown 8vo. Qoth, 
price $s. 
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MACLACHLAN (Mrs.). 

Notes and Extracts on 
Everlasting Punishment and 
Eternal Life, according to 
Literal Interpretation. Small 
crown 8vo. Cloth, price 3^ . 6d. 

MACNAUGHT (Rev. John). 
Coena Domini: An Essay 

on the Lord's Supper, its Primi- 
tive Institution, Apostolic Uses, 
and Subsequent History. Demy 
8vo. Cloth, price 14^. 

MAONUSSON (Eirikr), M.A., 
and PALMER (E.H.). M.A. 

Johan Ludvig Runeberg*8 
Lyrical Songs, Idylls and Epi- 
grams. Fcap. 8vo. Cloth, price 5^. 

MAIR (R. S.), M.D., F.R.C.S.B. 

The Medical Guide for 
Anglo-Indians. Being a Compen- 
dium of Advice to Europeans in 
India, relating to the Preservation 
and Regulation of Health. With a 
Supplement on the Management of 
Children in India. Second Edition. 
Crown Svo. Limp cloth, price 3^ . 6d, 

MALDEN (H. E. and E. E.) 
Princes and Princesses. 

Illustrated. Small crown Svo. Cloth, 
price 3f . 6d, 

MANNING (His Eminence Car- 
dinal). 

Essays on Religion and 

Literature. By various Writers. 
Third Series. Demy Svo. Cloth, 
price 10s. 6d. 

The Independence of the 

Holy See, with an Appendix con- 
taining the Papal Allocution and a 
translation. Cr. Svo. Cloth, price 5^. 

The True Story of the 

Vatican Council. Crown Svo. 
Qoth, price ss. 

MARBY (E. J.). 
Animal Mechanics. A 

Treatise on Terrestrial and Aerial 
Locomotion. With 117 Illustrations. 
Second Edition. Crown Svo. Cloth, 
price 5x. 

Volume XI. of The International 
Scientific Series. 



MARKHAM (Capt. Albert Hast- 
ings), R.N. 

The Great Frozen Sea. A 

Personal Narrative of the Voyage of 
the '• Alert " during the Arctic Ex- 
pedition of 1875-6. With six full- 
page Illustrations, two Maps, and 
twenty-seven Woodcuts. Fourth 
and cheaper edition. Crown Svo. 
Cloth, price 6.r. 

Master Bobby : a Tale. By 
the Author of " Christina North." 
With Illustrations by E. H. Bell, 
Extra fcap. Svo. Cloth, price y.6d. 

MASTERMAN (J.). 

Half-a-dozen Daughters. 

With a Frontispiece. Crown Svo. 
Qoth, price 3;. 6d, 

MAUDSLEY (Dr. H.). 
Responsibility in Mental 
Disease. Third Edition. Crown 
Svo. Cloth, price 5; . 

Volume VIII. of The International 
Scientific Series. 

MEREDITH (George). 
The Egoist. AComedyinNar- 
rative. 3 vols. Crown Svo. Cloth. 

*#* .Also a Cheaper Edition, with 
Frontispiece. Crown Svo. Cloth, 
price 6s. 

The Ordeal of Richard Pe- 

verel . A Histo^ of Father and Son. 
In one vol. with Frontispiece. Crown 
Svo. Cloth, price dr. 

MERRITT (Henry). 
Art - Criticism and Ro- 
mance. With Recollections, and 
Twenty-three Illustrations in eau- 
/orte, Dy Anna Lea Merritt. Two 
vols. Large post Svo. Cloth, 25s. 

MIDDLETON (The Lady). 
Ballads. Square i6mo. Cloth, 
price 3^. 6d, 

MILLER (Edward). 

The History and Doctrines 

of Irvingism ; or^ the so-called Ca- 
tholic and Apostolic Church, a vols. 
Large post Svo. Cloth, price 35^. 

The Church in Relation to 
the State. Crown Svo. Cloth, price 
7s. 6d. 
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MILNE (James). 
Tables of Exchange for the 

Conversion of Sterling Money into 
Indian and Ceylon Currency, at 
Rates from if. 8rf. to m. 3^. per 
Rupee. Second Edition. Demy 
8vo. Cloth, price ;£3 m. 

MINCHIN (J. G.). 
Bulgaria since the War. 
Notes of a Tour in the Autumn of 
1879. Small crown 8vo. Cloth, 
price 3*. 6rf. 

MIVART (St. George), F.R.S. 
Contemporary Evolution : 

An Essay on some recent Social 
Changes. Post 8vo. Cloth, price 
7f . ta, 

MOCKLBR (E.). 
A Grammar of the Baloo- 

chee Language, as it is spoken in 
Malcran (Ancient Gedrosia), in the 
Persia-Arabic and Roman characters. 
Fcap. 8vo. Cloth, price sr . 

MOFFAT (Robert Scott). 
The Economy of Consump- 
tion; an Omitted Chapter in Political 
Economy, with special reference to 
the Questions of Commercial Crises 
and the Policy of Trades Unions ; and 
with Reviews of the Theories of Adam 
Smith, Ricardo, J. S. Mill, Fawcett, 
&c. Demy 8vo. Cloth, price i8j. 

The Principles of a Time 

Policy : being an Exposition of a 
Method of Settling Disputes between 
Employers and Employed in regard 
to Time and Wa§es, by a simple Pro- 
cess of Mercantile Barter, without 
recourse to Strikes or Locks-out. 
Reprinted from "The Economy of 
Consumption," with a Preface and 
Appendix containing Observations on 
some Reviews of that book, and a Re- 
criticism of the Theories of Ricardo 
and J. S. Mill on Rent, Value, and 
Cost of Production. Demy 8vo. 
Cloth, price 3*. td. 

MOLTKE (Field-Marshal Von). 
Letters from Russia. 

Translated by Robina Napier. 
Crown 8vo. Cloth, price 6j. 

Notes of Travel. Being Ex- 
tracts from the Journals of. Crown 
8vo. Cloth, price ts. 



Monmouth: A Drama, of which 
the Outline is Historical. Dedicated 
by permission to Mr. Henry^ Irving. 
Small crown 8vo. Cloth, price 5^ . 

MORELL (J. R.). 

Euclid Simplified in Me- 
thod and Language. Being a 
Manual of Geometry. Compiled from 
the most important French Works, 
approved by the University of Paris 
and the Mmister of Public Instruc- 
tion. Fcap. 8vo. Cloth, price 2j. 6d?. , 

MORICE (Rev. F. D.), M.A. 
The Olympian and P3rthian 

Odes of Pindar. A New Transla- 
tion in English Verse. Crown 8vo. 
Cloth, price ns, 6d. 

MORSE (E. S.), Ph.D. 

First Book of Zoology. 

With numerous Illustrations. Crown 
8vo. Cloth, price 5; . 

MORSHEAD (E. D. A.) 

The Agamemnon of ^s- 

chylus. Translated into English 
verse. With an Introductory Essay. 
Crown 8vo. Cloth, price 5*. 

MORTERRA(Felix). 

The Legend of AUandale, 

and other Poems. Small crown 8vo. 
Cloth, price 6s. 

NAAKE (J. T.). 

Slavonic Fairy Tales. 

From Russian, Servian, Polish, and 
Bohemian Sources. With Four Illus- 
trations. Crown 8vo. Cloth, price 5*. 
NEWMAN (J. H.), D.D. 
Characteristics from the 

Writings of. Being Selections 
from his various Works. Arranged 
with the Author's personal approval. 
Third Edition. With Portrait, 
Crown 8vo. Cloth, price 6f. 
%* A Portrait of the Rev. Dr. J. H. 
Newman, mounted for framing, can 
be had, price 2*. 6d, 
NICHOLAS (Thomas), Ph.D., 
P G S 

The Pedigree of the English 

People: an Argument, Historical 
and Scientific, on the Formation and 
Growth of the Nation, .tracing Race- 
admixture in Britain from the earliest 
times, with especial reference to the 
incorporation of the Celtic Abori- 

gmes. Fifth Edition. Demy «"- 
loth, price i6f. 



8vo. 
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NICHOLSON (Edward Byron). 

The Christ Child, and other 
Poems. Crown 8vo. Cloth, price 

The Rights of an Animal. 
Crown 8vo. Cloth, price 3^ . %d. 

The Gospel according to 
the Hebrews. Its Fragments trans- 
lated and annotated, with a critical 
Analysis of the External and Internal 
Evidence relating to it. Demy 8vo. 
Cloth, price 9f . td. 

NICOLS (Arthur), P.G.S., 
F.R.G.S. 

Chapters from the Physical 

History of the Earth. An Introduc- 
tion to Geology and Palaeontology, 
with numerous illustrations. Crown 
. Svo. Cloth, price 5^ . 

NOAKE (Major R. Compton). 

The Bivouac ; or, Martial 
Lyrist, with an Appendix — Advice to 
the Soldier. Fcap. Svo. Price 5^. 6d, 

NORMAN PEOPLE (The). j 

The Norman People, and 

their Existing Descendants in the 
British Dominions and the United 
States of America. Demy Svo. 
Cloth, price 21J. 

N ORRIS (Rev. Alfred). 
The Inner and Outer Life 

Poems. Fcap. Svo. Cloth, price 6s, 

Notes on Cavalry Tactics, 

Organization, &c. By a Cavalry 
Officer. With Diagrams. Demy Svo. 
Cloth, price X2S. 

Nuces : Exercises on the 
Syntax of the Public School 
Latin Primer. New Edition in 
Three Parts. Crown Svo. Each i*. 
%* The Three Parts can also be 
hadboimd together in cloth, price 3^. 

O'BRIEN (Charlotte G.). 
Light and Shade. 2 vols. 

Crown Svo,. Cloth, gilt tops, price 

Z2J. 

Ode of Life (The). 

Third Edition. Fcap. Svo. Cloth, 
price 5*. 



O'HAGAN (John). 

The Song of Roland. Trans- 
lated into English Verse. Large 
post Svo. Parchment antique, price 
lor. 6d. 

O'MEARA (Kathleen). 

Frederic Ozanam, Professor 

of the Sorbonne ; His Life and 
Works. Second Edition. Oown 
Svo. Cloth, price 7*. 6d, 

Oriental Sporting Magazine 
(The). 

A Reprint of the first 5 Volumes, 
in 2 Volumes. Demy Svo. Qoth, 
price aSf. 

OWEN (P. M.). 

John Keats. A Study. 
Crown Svo. Cloth, price 6*. 

OWEN (Rev. Robert), B.D. 

Sanctorale Catholicum; or 
Book of Saints. With Notes, Criti- 
cal, Exegetical, and Historical. 
Demy Svo. Cloth, price iSj, 

Palace and Prison and Fair 

Geraldine . Two Tragedies, by the 
Author of" Ginevra " and the " Duke 
of Guise." Crown Svo. Cloth, 65. 

PALGRAVE (W.Gifford). 

Hermann Agha ; An Eastern 
Narrative. Third and Cheaper Edi- 
tion. Crown Svo. Cloth, price 6x. 

PALMER (Charles Walter). 

The Weed : a Poem. Small 
crown Svo. Cloth, price 3J. 

PANDURANG HARI ; 
Or, Memoirs of a Hindoo. 

With an Introductory Preface by Sir 
H. Bartle E. Frere, G.C.S.I., C.B. 
Crown Svo. Price 6s. 

PARKER (Joseph), D.D. 

The Paraclete: An Essay 

on the Personality and Ministry of 
the Holy Ghost, with some reference 
to current discussions. Second Edi- 
tion. Demy Svo. Cloth, price i2j. 

PARR (Capt. H. Hallam). 

A Sketch of the Kafir and 
Zulu Wars: Guadana to Isand- 
hlwana^ with Maps. Small crown 
Svo. Cloth, price 5^. 
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PARSLOE (Joseph). 
Our Railways : Sketches, 

Historical and Descriptive. With 
Practical Information as to Fares, 
Rates, &c., and a Chapter on Rail- 
way Reform. Crown 8vo. Cloth, 
price dr. 

PATTISON (Mrs. Mark). 
The Renaissance of Art in 

Prance. With Nineteen Steel 
Engravings, a vols. Demy 8vo. 
Cloth, pnce 32*. 

PAUL (C. Kegan). 
Mary Wollstonecraft. 

Letters to ImUy. With Prefatory 
Memoir by, and Two Portraits m 
eau forte, by Anna Lea Merritt. 
Crown 8vo. Cloth, price 6* . 

Goethe's Faust. A New 

Translation in Rime. Crown Svo. 
Cloth, price 6s, 

William Godwin : His 
Friends and Contemporaries. 
With Portraits and Facsimiles of the 
Handwriting of Godwin and his 
Wife. 2 vols. Square post Svo. 
Cloth, price 28-s. 

The Genius of Christianity 
U nveiled. Being Essays by WUliam 
Godwin never before published. 
Edited, with a Preface, by C. 
Kegan Paul. Crown Svo. Cloth, 
price 7*. 6d. 

PAUL (Margaret Agnes). 
Gentle and Simple : A Story. 
2 vols. Crown Svo. Cloth, gilt tops, 
price 12S. 

%* Also a Cheaper Edition in one 
vol. with Frontispiece. Crown Svo. 
Cloth, price 6s. 

PAYNE (John). 
Songs of Life and Death. 

Crown Svo. Cloth, price 5*. 

PAYNE (Prof. J. F.). 
Lectures on Education. 

Price 6d. 

IL Frebel and the^ Kindergarten 

system. Second Edition. 



PAYNE (Prof. J. ^ .")— continued, 

A Visit to German Schools : 
Elementary Schools in Ger- 
many. Notes of a Professional Tour 
to inspect some of the Kindergartens, 
Primary Schools, Public Girls' 
Schools, and Schools for Technical 
lastruction in Hamburgh, Berlin, 
Dresden, Weimar, Gotha, Eisenach, 
in the autumn of 1874. With Critical 
Discussions of the General Principles 
and Practice of Kindergartens and 
other Schemes of Elementary Edu- 
cation. Crown Svo. Cloth, price 
4^. 6d. 

PELLETAN (E.). 

The Desert Pastor, Jean 

Jarousseau. Translated from the 
French. By Colonel E. P. De 
L'Hoste. With a Frontispiece. New 
Edition. Fcap. Svo. Cloth, price 
3^. 6d, 

PENNELL (H. Cholmondeley). 
Pegasus Resaddled. By 

the Author of " Puck on Pegasus," 
&c. &c. With Ten Full-page Illus- 
trations by George Du Maurier. 
Second Edition. Fcap. 4to. Cloth 
elegant, price Z2J. 6d. 

PENRICE (Maj. J.), B.A. 
A Dictionary and Glossary 

oftheKo-ran. With copious Gram- 
matical References and Explanations 
of the Text. 4to. Cloth, price 21J. 

PESCHEL (Dr. Oscar). 

The Races of Man and 
their Geographical Distribution. 
Large crown Svo. Cloth, price 9*. 

PETTIGREW (J. Bell), M.D., 
F.R.o. 

Animal Locomotion ; or, 

Walking, Swimming, and Flying. 
With 130 Illustrations. Second Edi- 
tion. Crown Svo. Cloth, price 5*. 

Volume VII. of The International 
Scientific Series. 

PFEIFFER (Emily). 
Quarterman's Grace, and 
other Poems. Crown Svo. Cloth, 

price 5J. 

Glan Alarch: His Silence 
and Song. A Poem.^ Second 
Edition. Crown Svo. price 6*. 
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PFEIFFER iJ^mWyy-ccKHnued, 

Gerard's Monument, and 

other Poems. Second Edition. 
Crown 8vo. Clothi price 6f . 

Poems. Second Edition. 
Crown 8vo. Cloth, price 6f . 

Sonnets and Songs. New 

Edition. 1 6tno, handsomely printed 
and bound in cloth, gilt edges, price 

PINCHES (Thomas), M.A. 
Samuel Wilberforce : Faith 
— Service — Recompense . Three 
Sermons. With a Portrait of Bishop 
Wilberforce (after a Photograph by 
Charles Watkins). Crown 8vo. Cloth, 
price 4^ . (td, 

PLAYPAIR (Lieut.. Col.), Her 
Britannic Majesty's Constil-(7eneral 
in Algiers. 

Travels in the Footsteps of 

Bruce in Algeria and Tunis. 

Illustrated by facsimiles of Bruce's 
original Drawings, Photographs, 
Maps, &c. Royal 4to. Qoth, 
bevelled boards, gilt leaves, price 

POLLOCK (W. H.). 
Lectures on French Poets. 

Delivered at the Royal Institution. 
Small crown 8vo. Cloth, price 5^. 

POUSHKIN (A. S.). 

Russian Romance. 

Translated from the Tales of Belkin, 
&c. B^ Mrs. J. Buchan Telfer inie 
MouravieiF). Oown 8vo. Cloth, 
price 3J. ta, 

PRESBYTER. 
Unfoldings of Christian 

Hope. An Essay showing that the 
Doctrine contained in the Damna- 
tory Clauses of the Creed commonly 
called Athanasian is unscriptural. 
Small crown 8vo. Cloth, price 4^. dd, 

PRICE (Prof. Bonamy). 
Currency and Banki|>g. 

Crown 8vo. Cloth, price dr. 

Chapters on Practical Poli- 
tical Economy. Being the Sub- 
stance of Lectures delivered before 
the University of Oxford. Large 
post Svo. Cloth, price i2j. 



Proteus and Amadeus. A 

Correspondence. Edited by Aubrey 
DeVere. Crown Svo. Cloth, price ^r. 

PUBLIC SCHOOLBOY. 

The Volunteer, the Militia- 
man, and the Regular Soldier. 
Crown 8vo. Cloth, price 5^. 

PULPIT COMMENTARY(The). 

Edited by the Rev. J. S. Exbll and 
the Rev. Canon H. D. M. Spencb. 

Ezra, Nehemiah, and 
Esther. By Rev. Canon G. Rawlin- 
son, M.A. ; with Homilies by Rev. 
Prof. J. R. Thomson, M.A., Rev. 
Prof. R. A. Redford, LL.B., M.A., 
Rev. W. S. Lewis, M.A, Rev. J. A. 
Macdonald, Rev. A. Mackennal, 
B.A., Rev. W. Clarkson, B.A., Rev. 
F. Hastings, Rev. W. Dinwiddie, 
LL.B., Rev. Prof. Rowlands, B.A., 
Rev. G. Wood, B.A., Rev. Prof. P. 
C. Barker, LL.B., M.A., and Rev. 

. S. Exell. Second Edition. One 

ol., price 12^. td. 
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Punjaub (The) and Narth 

Western Frontier of India. By an 
old Punjaubee. Crown Svo. Cloth, 
price 5*. 

QUATREFAGES (Prof. A. de). 
The Human Species. 

Second Edition. Crown Svo. Cloth, 
price 5J. 

Vol. XXVI. of The International 
Scientific Series. 

RAVENSHAW Qohn Henry), 
B.C.S. 

Gaur: Its Ruins and In- 
scriptions. Edited with consider- 
able additions and alterations by his 
Widow. ^ With forty-four photo- 
graphic illustrations and twenty-five 
fac-similes of Inscriptions. Super 
royal 4to. Qoth, 3^ i^f. 6^ 

READ (Carveth). 

On the Theory of Logic : 

An Essay. Crown Svo. Cloth, 
price 6jr. 

Realities of the Future Life. 
Small crown Svo. Cloth, price 
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RBANEY (Mrs. O. S.). 
Blessing and Blessed; a 

Sketch of Girl Life. With a frontis- 
piece. Crown 8vo. Cloth, price 5;. 

Waking and Working ; or, 
from Girlhood to Womanhood. 
With a Frontispiece. Crown 8vo. 
Cloth, price 5«. 

English Girls : their Place 

and Power. With a Preface by 
R. W. Dale, M.A^ of Birmingham. 
Second Edition. Fcap. 8vo. Cloth, 
price 2j. (id. 

Just Anyone, and other 
Stories. Three Illustrations. Royal 
z6mo. Cloth, price is, 6d. 

Sunshine Jenny and other 
Stories. Three Illustrations. Royal 
x6mo. Cloth, price is, 6d, 

Sunbeam Willie, and other 

Stories. Three Illustrations. Royal 
z6mo. Cloth, price is. td, 

REYNOLDS (Rev. J. W.^. 
The Supernatural in Na- 
ture. A Verification \y Free Use of 
Science. Second Edition, revised 
and enlarged. Demy 8vo. Cloth, 
price i4f. 

Mystery of Miracles, The. 
By the Author of " The Supernatural 
in^ Nature." Crown 8vo. Cloth, 
price 6j. 

RIBOT (Prof. Th.). 
English Psychology. Se- 
cond Edition. A Revised and Cor- 
rected Translation from the latest 
French Edition. Large post 8vo. 
Cloth, price 9; . 

Heredity : A Psychological 

Study on its Phenomena, its Laws, 
its Causes, and its Consequences. 
Large crown 8vo. Cloth, price 9f. 

RINK (Chevalier Dr. Henry). 
Greenland : Its People and 

its Products. By the Chevalier 
Dr. Henry Rink, President of the 
Greenland Board of Trade. With 
sixteen Illustrations, drawn by the 
Eskimo, and a Map. Edited by Dr. 
Robert Brown. Crown 8vo. i^rice 
xos, 6d, 



ROBERTSON (The Late Rev. 
F. W.), M.A., of Brighton. 

Notes on Genesis. New 

and cheaper Edition. Crown 8to., 
price y, 6d, 

Sermons. Four Series. Small 
crown 8vo. Cloth, price 3*. 6d, each. 

Expository Lectures on 
St. Paul's Epistles to the Co- 
rinthians. A New Edition. Small 
crown 8vo. Cloth, price ^s. 

Lectures and Addresses, 

with other literary remains. A New 
Edition. Crown 8vo. Cloth, price 5J. 

An Analysis of Mr. Tenny- 
son's ** In Memoriam." (Dedi- 
cated by Permission to the Poet- 
Laureate.) Fcap. 8vo. Cloth, price 2j. 

The Education of the 
Human Race. Translated from 
the German of Gotthold Ephnum 
Lessing. Fcap. 8va Cloth, price 
2S. 6d. 

Life and Letters. Edited by 

the Rev. Stopford Brooke, M.A-, 
Chaplain in Ordinary to the Queen. 

I. 2 vols., uniform with the Ser- 
mons. With Steel Portrait. Crown 
8vo. Cloth, price 7*. 6d. 

II. Library Edition, in Demy 8va, 
with Two Steel Portraits. Cloth, 
price 12s. 

III. A Popular Edition, in one vol. 
Crown 8vo. Cloth, price 6*. 

The above Works can also be had 
half-bound in morocco, 

V A portrait of the late Rev. F. W. 
Robertson^ mounted for framing, can 
be had, price ». 6d. 

ROBINSON (A. Mary P.). 
A Handful of Honey- 
suckle. Fcap. 8vo. Cloth, price 
y.6d, 

RODWELL (G. F.), F.R.A.S., 
F.C.S. 

Etna : a History of the 

Mountain and its Eruptions. 
With Maps and Illustrations. Square 
8vo. Cloth, price gs. 
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ROOD (Ogrden N.). 
Modem ChromaticSi with 
Applications to Art and In- 
dustry. With 130 Original Illus- 
trations. Crown 8vo. Cloth, price 5^. 
Vol. XXVII. o£ The International 
Scientific Series. 

ROSS (Mrs. E.), ("Nelsie Brook"). 
Daddy's Pet. A Sketch 
from Humble life. With Six Illus- 
trations. Ro3ral x6mo. Cloth, price if. 

ROSS (Alexander), D.D. 
Memoir of Alexander 

Ewing, Bishop of Argyll and the 
Isles. Second and Cheaper Edition. 
Demy 8vo. Cloth, price xos. 6d, 

SADLER (S. WO, R.N. 
The African Cruiser. A 

Midshipman's Adventures on the 
West Coast With Three Illustra- 
tions. Second Edition. Crown 8vo. 
Cloth, price v« &/. 

SALTS (Rev. Alfred), LL.D. 
Godparents at Confirma- 
tion. With a Preface by the Bishop 
of Manchester. Small crown 8vo. 
Cloth, limp, price 2s. 

SAUNDERS (Katherine). 
Gideon's Rock, and other 
Stories. Crown 8vo. Cloth, price dr. 

Joan Merry weather,and other 

Stories. Crown 8vo. Cloth, price 6f . 

Margaret and Elizabeth. 
A Story of the Sea. Crown 8vo. 
Cloth, price dr. 

SAUNDERS (John). 
Israel Mort, Overman : A 
Story of the Mine. Cr. 8vo. Price dr. 

Hirell. With Frontispiece. 
Crown 8vo. Cloth, price y. 6d, 

Abel Drake's Wife. With 
Frontispiece. Crown 8vo. Cloth, 
price 3«. 6d. 

SAYCE (Rev. Archibald Henry). 
Introduction to the Science 

of Language. Two vols. , large post 
8vo. Cloth, price 25^. 

SCHELL (Maj. von). 
The Operations of the 
First Army under Oen. von 
Ooeben. Translated by Col. C H. 
von Wright. Four Maps. Demy 
8vo. Cloth, piice 9*. 



SCHELL (Maj. von)— continued. 
The Operations of the 
First Army under Gen. von 
Steinmetz. Translated by Captain 
£. O. Hollist. Demy 8vo. Uoth, 
price zof. 6d. 

SCHELLENDORF (Mi^.-Oen. 
B. von). 

The Duties of the General 

Staff. Translated from the German 
by Lieutenant Hare. Vol. I. Demy 
8vo. Cloth, zor. 6d. 

SCHERFF (Maj. W. von). 
Studies in the New In- 
fantrv Tactics. Parts I. and II. 
Translated from the German by 
Colonel Lumley Graham. Demy 
8vo. Cloth, price js. 6d, 

SCHMIDT (Prof. Oscar). 
The Doctrine of Descent 

and Darwinism. With a6 Illus- 
trations. Third Edition. Crown 
8vo. Cloth, price m. 

Volume Xn. of The International 
Scientific Series. 

SCHUTZENBERGER(Prof.P.). 
Fermentation. With Nu- 
merous Illustrations. Second Edition. 
Crown 8vo. Cloth, price 5;. 

Volume XX. of The International 
Scientific Series. 

SCOONES (W. Baptiste). 
Four Centuries of English 
Letters. A Selection of 350 Letters 
by 150 Writers from the period of the 
Paston Letters to the Present Time. 
Edited and arranged by. Large 
crown 8vo. Cloth, price ^. 

SCOTT (Leader). 
A Nook in the Apennines: 

A Summer beneath the Chestnuts. 
With Frontispiece, and 27 Illustra- 
tions^ in the Text, chiefly from 
Original Sketches. Crown 8vo. 
Cloth, price 7;. 6d, 

SCOTT (Robert H.). 
Weather Charts and Storm 
Warnings. Illustrated. SecondEdi- 
tion. Crown 8vo. Cloth, price 3^. &/. 

Seeking his Fortune, and 

other Stories. With Four Illustra- 
tions. Crown 8 va Cloth, price 3f.6</. 
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8RNIOR (M. W.). 
Alexis De Tocqueville. 

Cbrrenoodence and Coo^rersadoos 
with Nassan W. Senior, from 1833 ^ 



1859. Edited fay H. C M. Simpaoo. 
3 vols. Larse post 8vo.C3oth,pnoe su. 

Sennons to Naval Cadets. 

Preached on board H.M.S. 
" Britannia." Small crown 8vo. 
Qoth, price j/t. 6i, 

Seven Autumn Leaves from 

Paiiyland. IDnstrated with Nine 
Etchings. Square crown 8vou Qoch, 
price 3*. 6d, 

8HADWELL (Maj.-Qen.), C.B. 
Mountain Warfare. lUos- 

trated by the Campaign of 1799^ in 
Switzerland. Being a Translation 
of the Swiss Nairative omipiled from 
the Works of the Archduke Charles, 
Tomini, and others. Also of Notes 
by General H. Dnfour on the Cam- 
paign of the Vaheiline in 1635. With 
Appendix, Maps, and Intzcductoty 
Remarks. Demy 8vo.Qoth, price x6r. 

8HAK8PBARE (Charles). 
Saint Paul at Athens : 

Spiritual Christianity in Relation to 
some Aspects of Modem Thought. 
Nine Sermons preached at St. Ste- 
phen's Chnrch, Westboume Park, 
with Pie&ce by the Rev. Canon 
Fakxax. Crown 8vo. Qoth, price 51. 

8HA1V (Major W^iUdnson). 
The Elements of Modem 

Tactics. Practically applied t» 
English FonnaticMis. With Twenty- 
five Plates and Maps. Small crown 
8vo. Cloth, price xis, 

%• The Second Volume of "Mili- 
tary Handbooks for Officers and 
Non-commissioned Officers." Edited 
by Lieut.-Col. C B. Brackenbury, 

SHAW (Flora L.). 

Castle Blair: a Story of 
Youthful I^Tes. 3 Tols. Crown Svo. 
Clodi, ^t tops, price \9M, Also, an 
laooeYoL Crown 8tow 6f. 



SHELLEY (Lady). 

Shelley Memorials from 

Atithentic Sources. With (now 
first printetQ an Essay on Christian- 
ity by Percy Bysshe Shelley. With 
Portrait. Thud Editicm. Crown 
8vo. Qoth, price 5«. 

SHELLEY (Percy Bysshe). 

Poems selectedfrom. Dedi- 
cated to Lady Shelley. With Pre- 
face by Richard Gamett. Printed 
on lumd-made paper. With miniature 
frontispiece. Eizcvir.8vo.,limp parch- 
ment antique. Price 6r., vellum •jsjSd. 

SHERMAN (Oea. W. T.). 
Memoirs of Genersd W* 

T. Sherman, Commander of the 
Federal Forces in the American (}ivil 
War. By Himself, a vols. With 
Map. I>einy8vo doth, price a4X. 
Copyright EngUsk EdiHoiu 

SHILLITO (Rev. Joseph). 
Womanhood : its Duties, 

Temptations, and Privileges. A Book 
for Young Women. Second Edition. 
Crown 8vo. Price ^. td. 

SHIPLEY (Rev. Orby), M.A. 

Principles of the Faith in 
Relation to Sin. Topics for 
Thought in Times of Retreat. 
Eleven Addresses. With an Intro- 
duction on the n^Iect of Dogmatic 
Theology in the CSurch of England, 
and a Postscript on his leaving the 
Church of F.ngland. Demy 8«». 
Qoth, price zaf. 

Church Tracts, or Studies 

in Modem Problems. By various 
Writers, avols. OownSva CloCh, 
price 5«. each. 

SMITH (Edward), M.D., LL.B., 
F.R.S. 

Health and Disease, as In- 
fluenced by the Daily, Seasonal, and 
other Cyclical (Hiangesin the Human 
^ptem. A New .Edition. Pofit8vo. 
(Hoth, price ^s. 6d. 

Foods. Profiisdy lUostrated. 
Sixth Edition. Oown 8vou Cloth, 
price ST. 

Volume III. of The International 
Scientific 
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SMITH (Edward), M.D., LL.B., 

F. R. S.— c0M/fV»««^. 

Practical Dietary for 
Families, Schools, and the La- 
bouring Classes. A New Edition. 
Post 8vo. Cloth, price 3*. W. 

Tubercular Consumption 
in its Early and Remediable 
Stages. Second Edition. Crown 
8vo. Cloth, price ts. 

Songs of Two Worlds. By 

the Author of " The Epic of Hades." 
Fifth Edition. Complete in one 
Volume, with Portrait. Fcap. 8vo. 
Qoth, price 7^ . td. 

Songs for Music. 

By Four Friends. Square crown 
8vo. Cloth, price 5^ . 
Containing songs by Reginald A. 
Gat^, Stephen H. Gatt^, Greville 
J. Chester, and Juliana Ewing. 

SPEDDING Games). 
Reviews and Discussions, 
Literary, Political, and His- 
torical, not relating to Bacon. 
Demy 8vo. Cloth, pnce las. td, 

SPENCER (Herbert). 
The Study of Sociology. 

Eijghth Edition. Crown 8va Cloth, 
pnce 5f . 

Volume V.^ of The International 
Scientific Series. 

STEDMAN (Edmund Clarence). 
Lyrics and Idylls. With 
other Poems. Crown 8vo. Cloth, 
price ^5. 6d, 

STEPHENS (Archibald John), 

LrL.D. 

The Folkestone Ritual 

Case. The Substance of the Ar^- 
ment delivered before the Judicial 
Committee of the Privy Council. On 
behalf of the Respondents. Demy 
8vo. Cloth, price 6s, 

STEVENS (William). 
The Truce of God, and other 
Poems. Small crewn 8vo. Cloth, 
price y. 6d. 

STEVENSON (Robert Louis). 
An Inland voyage. With 

Frontispiece by Walter Crane. 
Crown 8va Cloth, price 7^. 6d. 



STEVENSON (Robert Louis)- 
contimttd. 

Travels with a Donkey in 
the Cevennes. With Frontispiece 
by Walter Crane. Crown 8 vo. CHoth, 
price js. 6d. 

STEVENSON (Rev. W. F.). 
Hymns for the Church and 

Home. Seleaed and Edited by the 
Rev. W. Fleming Stevenson. 

The most complete Hymn Book 
published. 

The Hymn Book consists of Three 
Parts :— I. For Public Worehip.— 
II. For Family and Private Worship. 
—III. For Children. 
*i!^^ Published in various f^rms and 
Prices^ the latter rangiug front 8d. 
to 6s. Lists and full particulars 
will be furnished on- application to 
the Publishers. 

STEWART (Prof. Balfour), M. A., 
LL.D., F.R.S. 

On the Conservation of 
Energy. Fifth Edition. With 
Fourteen Engravings. Crown 8vo. 
Cloth, price u. 

Volume VI. of The Intematiooal 
Scientific Series. 

STORR (Francis), and TURNER 
Hawes). 
Canterbury Chimes ; or, 

Chaucer Tales retold to Children. 
With Illustradons firom the Elles- 
mere MS. Extra Fcap. 8vo. Cloth, 
price 3^ . 6d 

6TRETTON (Hesba). 
David Lloyd's Last Will. 
With Fotir Illustrations. Royal 
i6mo., price 2j. 6d, 

The Wonderful Life. 

Thirteenth Thousand. Fcap. 8vo. 
Cloth, price M. 6d, 

Through a Needle's Eye : 

a Story, a vols. Crown 8vo. Cloth, 
gilt top, price i3f . 

*«* Also a Cheaper Edidon in 
one volumcjwith Frontispiece. Crown 
8vo. Cloth, price 6s. 
8TUBBS (Lieut..Colonel F. IV.) 
The Regiment of Bengal 
Artillery. The History of its 
Organization, Equipment, and War 
Services. Compiled from Published 
Works, Official Records, and various 
Private Sources. With niunerous 
Maps and Illnstrations. a vols. 
Demy 8vo. Cloth, price 33^. 
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8TUMM (Lieut. Hugo), German 
Military Attach^ to the Khivan Ex- 
pedition. 

Russia's advance Bast- 

ivard. Based on the Official Reports 
of. Translated by Capt. C. E. H. 
Vincent. With Map. Crown 8vo. 
Qoth, price 6f . 

SULLY (James), M.A. 
Sensation and Intuition. 

Demy 8vo. Cloth, price lo*. td. 

Pessimism : a History and 
a Oiticism. Demy 8vo. Pnce x^r. 

Sunnyland Stories. 

By the Author of ** Aunt Mary's Bran 
Pie." Illustrated. Small 8vo. Cloth, 
price v* ^ 

Sweet Silvery Sayings of 

Shakespeare. Crown 8vo. Cloth 
gilt, price 7f . td» 

SYME (David). 
Outlines of an Industrial 
Science. Second Edition. Crown 
8vo. Cloth, price dr. 

Tales from Ariosto. Retold for 

Children, by a Lady. With three 
illustrations. Crown 8vo. Cloth, 
price 4^. (id, 

TAYLOR (Algernon). 
Guienne. Notes of an Autumn 
Tour. Crown 8vo. Cloth, price 4J. 6//. 

TAYLOR (Sir H.). 
Works Complete. Author's 
Edition, in 5 vols. Crown 8vo. 
Cloth, price dr. each. 

Vols. I. to III. containing the 
Poetical Works, Vols. IV. and V. 
the Prose Works. 

TAYLOR (Col. Meadows), C.S.I. , 
M.R.I.A. 

A Noble Queen : a Romance 
of Indian History. Oown 8vo. 
Cloth. Price 6f . 

Seeta. 3 vols. Crown 8vo. 
Cloth. 

Tippoo Sultaun : a Tale of 
the Mysore War. New Edition with 
Frontispiece. Crown 8vo. Qoth, 
price 6f. 



TAYLOR (Col. Meadows), C.S.I. , 
M.R.I. A . — continued. 

Ralph Darnell. New and 
Cheaper Edition. With Frontis- 
piece. Crown 8vo. Cloth, price ts. 

The Confessions of a Thug. 

New Edition. Crown 8vo. Cloth, 
price 6j. 

Tara : a Mahratta Tale. 
New Edition. Crown 8vo. Qoth, 
price 6j. 

TEBBITT (Charles) and Francis 
Lloyd. 

Extension of Empire Weak- 
ness? Deficits Ruin? With a 
Practical Scheme for the Recon- 
struction of Asiatic Turkey. Small 
' crown 8vo. Cloth, price 3J. 6^. 

TENNYSON (Alfred). 

The Imperial Library Edi- 
tion. Complete in 7 vols. DemySvo. 
Cloth, i)rice £-i xy. 6d. ; in Rox- 
burgh binding, £^ js, 6d, 

Author's Edition. Complete 

in 6 Volumes. Post 8vo. Cloth gilt ; 
or half-morocco, Roxburgh style : — 

Vol. I. Early Poems, and 

English Idylls. Price 6s. ; Rox- 
burgh, "js. 6d. 

Vol. II. Locksley Hall, 
Lucretius, and other Poems. 
Price dr. ; Roxburgh, js. 6d. 

Vol. III. The Idylls of 

the King {Complete). Price 7s. 6d.\ 
Roxburgh, 9;. 

Vol. IV. The Princess, and 

Maud. Price df.; Roxburgh, 7^. 6d. 

Vol. V. Enoch Arden, 
and In Memoriam. Price 6s. ; 
Roxburgh, 7;. 6d. 

Vol. VI. Dramas. Price 7 j.; 

Roxburgh, 8;. 6d. 

Cabinet Edition. 12 vols. 

Each with Frontispiece. Fcap. 8vo. 
Cloth, price 2s. 6d. each. 

Cabinet Edition. 12 vols, (^m- 
plete in handsome Ornamental C^ase. 

Pocket Volume Edition. 

i^ vols. In neat case, y6s. Ditto, 
ditto. Extra cloth gilt, in case, 4M. 
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TENNYSON iAl{rtd)-€ontinu€J. 

The Royal Edition. Com- 
plete in on* vol. Cloth, 16s. Qoth 
extra, zis. Roxburgh, half morocco* 
price 20s. 

The Guinea Edition. Com- 
plete in 12 vols., neatly botmd and 
enclosed in box. Cloth, price 21s. 
French morocco, price 31s. 6d, 

The Shilling Edition of the 

Peetical and Dramatic Works, in is 
vols., pocket size. Price is. each. 

The Crown Edition. Com- 
plete in one vol., strongly bound in 
cloth, price 6s, Cloth, extra gilt 
leaves, price 7s. 6d, Roxburgh, 
half morocco, price Zs. 6d, 

%* Can also be had in a variety 
of other bindings. 

Original Editions : 

The Lover's Tale. (Now 

for the first time published.) Fcap. 
8vo. Cloth, 3J. id. 

Poems. Small 8vo. Clot^h, 

price 6s, 

Maud, and other Poems. 
Small 8vo. Qoth, price 31. 6d, 

The Princess. Small 8vo. 

Cloth, price 3f . 6d, 

Idylls of the King. Small 

8vo. Qoth, price 5*. 

Idylls of the King. Com- 
plete. Small Svo. Cloth, price 6*. 

The Holy Grail, and other 

Poems. Small Svo. Cloth, price 
4^. 6d, 

Gareth and Lynette. Small 
8vo. Cloth, price 3X. 

Enoch Arden, &c. Small 

8vo. Cloth, price 3J. 6d. 

In Memoriam. Small Svo. 
Cloth, price 4r. 

Queen Mary. A Drama. 

New Edition. Crown Svo. Cloth, 
price 6s, 

Harold. A Drama. Crown 

Svo. Cloth, price 6j. 

Selections from Tenny- 
son's W rks. Super royal i6mo. 
Qoth, r ce 3J, 6</. Cloth gilt extra, 
price 4f. 



TENNYSON CAlfrtd)^iMtiiHtud. 

Songs from Tennyson's 

Works. Super royal i6mo. Cloth 
extra, price 3*. 6d. 

Also a cheap edition. x6mo. 
Cloth, price 2;. 6d. 

Idylls of the King, and 

other Poems. Illustrated by Julia 
Margaret Cameron. 2 vols. Folio. 
Half-bound morocco, cloth sides, 
price £6 6s. each. 

Tennyson for the Young and 

for Recitation. Specially arranged. 
Fcap. Svo. Price is. 6d, 

Tennyson Birthday Book. 

Edited by Emily Shakespear. 32mo. 
Cloth limp, 2S. ; cloth extra, ^, 

*#* A superior edition, printed in 
red and black, on antique paper, 
specially prepared. Small crown Svo. 
Cloth extra^ gilt leaves, price ^s. ; 
and in various calf and morocco 
bindings. 

In Memoriam. A new Edi- 
tion, choicely printed on hand- 
made paper, with a Miniature Por- 
trait in eau forte by Le Rat, 
afler a photograph by the late Mrs. 
Cameron. Bound in limp parchment, 
antique, price dr., vellum 7; . 6d. 

The Princess. A Medley. 
Choicely printed^ on hand-made 
paper, with a miniature frontispiece 
by H. M. Paget and a tail-piece in 
outline by Gordon Browne. Limp 
parchment^ antique, price 6s. ^ 
vellum, price 7* . 

Songs Set to Music, by 

various Composers. Edited byW. 
G. Cusins. Dedicated by express 
permission to Her Majesty the 
Queeiu Royal 4to. Cloth extra, 
gilt leaves,^ price azj., or in half- 
morocco, price 25J. 

THOMAS (Moy). 
A Fight for Life. With 

Frontispiece. Crown Svo. Qoth, 
price 2fi' 6d. 

THOMPSON (AUce C). 
Preludes. A Volume of 

Poems. Illustrated by Elizabeth 
Thompson (Painter of "The Roll 
Call"). Svo. Cloth, price 7x, 6dl 
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THOMSON (J.Turnbull). 
Social Problems ; or, an In- 
quiry into the Law of Influences. 
With Diagrams. Demy 8vo. Qoth, 
price zof. 6t/. 

THRINQ (Rev. Godfrey), B.A. 
dymns and Sacred Lyrics. 

Fcap. 8vo. Cloth, price 3*. td. 

THURSTON (Prof. R. H.). 
A History of th« Growth 
of the Steam Engine. With 
ntimerous Illustrations. Second 
Edition. Crown 8vo. Cloth, price 
6f . 6</. 

TODHUNTER (Dr. J.) 
A Study of Shelley. Crown 
8vo. Cloth, price 7.S. 
Alcestis : A Dramatic Poem. 
Extra fcap. 8vo. Cloth, price 5*. 

Laurella ; and other Poeitis. 

Oown 8vo. Cloth, price 6*. 6rf. 

TOLINGSBY (Frere). 
Blnora. An Indian Mytho- 
lo^cal Poem. Fcap. 8vo. Cloth, 
price 6f . 

Translations from Dante, 

Petrarch, Michael Angelo, and 
» Vittoria Colonna. Fcap. 8vo. 
Cloth, price ^s. 6d. 

TURNER (Rev. C. Tennyson). 
Sonnets, L3rrics, and Trans- 
lations. Crown 8vo. Cloth, price 
4J. 6d. 

TWINING (Louisa). 
Recollections of Woric- 
houSe Visiting and Manage- 
ment during twenty-five years. 
Small crown 8vo. Cloth, price 35. 6d, 

TYN'DALL Qdttn), LLD., F.R.S 
Poims of Water. A Fami- 
liar EjTpasitf on of the Origin atod 
Phenomena of Glaciers. With 
Twenty-five Illustrations. Seventh 
Edition. Crown 8vo. Cloth, price 5; . 
Volume I. of The International 
Scientific Series. 

VAN BENEDEN (Mons.). 
Animal Parasites and 
Messmates. With 83 Illustrations. 
Second Edition. Clou, price 5^. 

Volume XIX. of The International 
Scientific Series. 



VAUGHAN (VL. Halford), some- 
time Regius Professor of Modem 
History in Oacford University. 

New Readings and Ren- 
derings of Shakespeare's Tra- 
gedies. Vol. I. Demy 8vo. Cloth, 
price isr. 

VILLARI (Prof.). 
Niccolo Machiavelli and 

His Times. Translated by Linda 
Villari. 2 vols. Large post 8vo. 
Cloth, price 34J. 

VINCENT (Capt. C. E. H.). 

Elementary Military 
Geography, Reconnoitring, and 
Sketching. Compiled for Non- 
commissioned Officers and Soldiers 
of all Arms. Square crown 8vo. 
Cloth, price 2S. 6d. 

VOQEL (Dr. HermannX 
The Chemical Effects of 
Light and Photography, in their 
application to Art, Science, and 
Industry. The translation thoroughly 
revised. With xoo Illustrations, in- 
cluding some beautiful siMcimens of 
Photography. Third Edition. Crown 
8vo. Cloth, price 5*. 

Volume XV. of The International 
Scientific Series. 

VYNER (Lady Mary). 
Every day a Portion. 

Adapted from the Bible and the 
Prayer Book, for the Private Devo- 
tions of those living in Widowhood. 
Collected and edited by Lady Mary 
Vyner. Square crown 8va Cloth 
extra, price 5x. 

WALDSTEIN (Charie8),Ph. D. 

The Balance of Emotion 

and Intellect: An Essay Intro- 
ductory to the Study of Philosophy. 
Crown 8vo. Cloth, price 6». 

WALLER (Rev. C. B.) 
The Apocalypse, Reviewed 

under the Light of the Doctrine of 
the Unfolding Ages and the Resti- 
tution of all ITungs. Demy 8vo. 
Cloth, price i3f . 

WALTERS rSophia Lydia). 
The Brook : A Poem. Small 
crown 8vo. Cloth, price 3«. 6d, 
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WALTERS (Sophia Lydia) 
tinMtd, 

A Dreamer's Sketch Book. 

With Twenty-one Illustrations by 
Percival Skelton, R. P. Leitch, 
W. H. J. Boot, and T. R. Pritchctt. 
Engraved by J. D. Cooper. Fcap. 
4to. Cloth, price Z2x. 6^. 

WARTBNSLrBBEN (Count H. 
von). 

I^he Operations of the 
South Army in January and 
Februaty, 1871. Compiled from 
the Official War Documents of the 
Head-quarters of the Southern Army. 
Translated by Colonel C. H. von 
Wriffht With Maps. Demy 8va 
Clout, price 6s, 

The Operations of the 
First Army under Oen. yon 
Manteuffel. Translated by Colonel 
C. H. von Wright. Uniform with 
the above. Demy 8vo. Qoth,price 9^ . 

WATERFIELD, W. 
Hymns for Holy Days and 
Seasons, samo. Cloth, i»ice if . 6^. 

WATSON (William). 

The Prmce's Quest and 
• other Poems. Crown 8vo. Cloth, 

price 5^. 

WATSON (Str Thomas), Bart., 
M.D. 
The Abolition of Zymotic 

Diseases, and of other similar ene- 
mies of Mankind. Small crown 8 vo. 
Cloth, price 3^ . 6d. 

WAY (A.), M.A. 
The Odes of Horace Lite- 
rally Translated in Bffetre. Fcap. 
8vo. Cloth, price 9S. 

WEBSTER (Augusta). 
Disguises. A Drama. Small 
crown 8vo. Cloth, price 5*. 

WEDMORE (Frederick). 
The Masters of Genre 

Fainting. With sixteen illustrations. 
Crown 8vo. Cloth, price js. 6d 

WELLS (Capt. John C), R.N. 
Spitzbergen — The Gate- 
vray to the Polynia ; or, A Voyage 
to Spitzbergen. With numeroas Il- 
lustrations by Whymper and others, 
aad Map. New ana Cheaper Edi- 
tioB. Demy 8vo. Cloth, price Gs, 



Wet Days, by a Farmer. 

Small crown 8vo. Cloth, price Oi. 

WETMORB(W. 8.). 

Commercial Telegrafkhic 
Code. Second Edidon. Piost 4to. 
Boards, price 4.2J. 

WHITAKBR (Florence). 
Christy's Inheritance. A 

London Story. Illustrated. Royal 
z6mo. Cloth, price is. 6d. 

WHITE (A. D.), LL.D. 
Warfare of Science. With 

Prefatory Note by Professor TjrndalL 
Second Edition. Crown 8va Cloth, 
price 2S. 6d. 

WHITNEY (Prof. W. D.) 
The Lifb and Growth of 

Language. Second Edition. Crown 
8vo. Cloth, price 5s. Copfri^ht 
EditioH. 

Volume XVI. of The Intemational 
Scientific Series. 

Essentials of English 
Grammar fbr the Use of Schools. 
Crewn 8vo. Cloth, price 3J'. 611. 

WICKHAM (Capt. E. H., R.A.) 

Influence of Firearms upon 

Tactics : Historical and Critical 
Investigations. By an Officer of 
Superior Rank (in the German 
Army). Translated by Captain £. 
H. Wickham, R.A. Demy 8vo. 
Cloth, price ^s, 6d. 

WICKSTEED (P. H.). 
Dante : Six Sermons. Crown 
8vo. Cloth, price 5*. 

WILLIAMS (Rowland), D.D. 
Life and Letters of, with Ex- 
tracts from his Note-Books. Edited 
by Mrs. Rowland Williams. With 
a Photographic Portrait, a vols. 
Large post 8vo. Cloth, price 24J. 

Stray Thoughts from the 
Note-Books of the Late Row- 
land Williams, D.D. Edited by 
his Widow. Crown 8vo. Cloth, 
price 3^ . %d. 

Psalms, Litanies, Coun- 
sels and Collects for Devout 
Persons. Edited by his Widow. 
New and Popular Edition. CrowQ 
8vo. Cloth, price 3^. 64, 
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WILLIS (R.), M.D. 
Servetus and Calvin i a 

Study of an Important Epoch in the 
Early History of the Reformation. 
tve. Cloth, price i6f. 

William Harvey. A History 

of the Discovery of the Circula- 
tion of the Blood. With a Portrait 
of Harvey, after Faithome. Demy 
8vo. Cloth, price 14^. 

WILLOUOHBY(TheHoa.Mrs.). 

On the North Wind — 
Thistledown. A Volume of Poems. 
Elegantly bound. Small crown 8vo. 
Cloui, price ^s. 6d, 

WILSON (H. SchdtxX 

The Tower and Scaffold. 

A Miniature Monograph. Large 
fcap. 8vo. Price is. 

Within Sound of the Sea. 

By the Author of "Blue Roses," 
"Vera," &c. Third Edition. 3 vols. 
Crown 8vo. Cloth, gilt tops, price Z3f. 
*it* Also a cheaper edition in one 
Vol. with frontispiece. Crown 8vo. 
Cloth, price 6f . 

WOINOVITS (Capt. I.). 
Austrian Cavalry Exercise. 

Translated by Captain W. S. Cooke. 
Crown 8vo. Clotn, price 7*. 

WOLLSTONECRAPT (Mary). 
Letters to Imlay. With a 

Preparatory Memoir by^ C. Kegan 
Paul, and two Portraits in eau/artt 
by Anna Lea Merritt. Crown 8vo. 
Cloth, price 6s. 



WOOD (Mi^or-Qtneral J. Creigh- 
ton). 

Doubling the Consonant. 

Small crown 8vo. Cloth, price zf . 6d, 

WOODS Games Chapman). 
A Child of the People, 

and other poems. Small crown 8vq. 
Cloth, price 5^ . 

WRIGHT (Rev. David), M.A. 
Waiting for the Light, and 
other Sermons. OownSva Cloth, 
price 6s. 

YOUMANS (ElUa A.). 

An Essay on the Culture 
of the Observing Powers of 
Children, especially in connection 
with the Study of Botany. Edited, 
with Notes and a Supplement, by 
Joseph Payne, F.C.P., Author of 
" Lectures on the Science and Art of 
Education," &c. Crown 8vo. Cloth, 
price 2X. 6d. 

First Book ,of. Botany. 

Designed to Cultivate the Observing 
Powers of Children. With 300 En- 
^vixies. New and Cheaper Edi- 
tion. Crown 8vo. Cloth, price ar. 6tL 

YOUMANS (Edward I«.), M.D. 
A Class Book of Chemistry, 

on^ the Basis of the New System. 
With 200 Illustrations. Crown 8vo. 
Cloth, price 5^. 

YOUNG (William). 
Gottlob, etcetera. Small 
crown 8vo. Cloth, price 3J. 6d, 

ZIMMERN (H.). 

Stories in Precious Stones. 

With Six lUustrationa. Third Edi- 
'tion. Crown 8vo. Qoth, price 5x. 
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